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PREFACE 


The chief purpose of this book is the development for 
_ the first time of a general theory of the arithmetics of 
algebras, which furnishes a direct generalization of the 
classic theory of algebraic numbers. The book should 
appeal not merely to those interested in either algebra 
or the theory of numbers, but also to those interested in . 
the foundations of mathematics. Just as the final 
stage in the evolution of number was reached with 
the introduction of hypercomplex numbers (which make 
up a linear algebra), so also in arithmetic, which began 
with integers and was greatly enriched by the introduc- 
— tion of integral algebraic numbers, the final stage of its 
_ development is reached in the present new theory of 
arithmetics of linear algebras. 

Since the book has interest for wide classes of readers, 
no effort has been spared in making the presentation 
clear and strictly elementary, requiring on the part of 
the reader merely an acquaintance with the simpler 
parts of a first course in the theory of equations. Each 
definition is illustrated by a simple example. Each 
chapter has an appropriate introduction and summary. 

The author’s earlier brief book, Linear Algebras 
(Cambridge University Press, 1914), restricted attention 
to complex algebras. But the new theory of arithmetics 
of algebras is based on the theory of algebras over a 
general field. The latter theory was. first presented by 
Wedderburn in his memoir in the Proceedings of the 
London Mathematical Society for 1907. The proofs of 
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some of his leading theorems were exceedingly com- 
plicated and obscured by the identification of algebras 
having the same units but with co-ordinates in different 
fields. Scorza in his book, Corpi Numerici e Algebre — 
(Messina [1921], ix+462 pp.), gave a simpler proof of 
the theorem on the structure of simple algebras, but 
omitted the most important results on division algebras 
as well as the principal theorem on linear algebras. 
An outline of a new simpler proof of that theorem was 
placed at the disposal of the author by Wedderburn, 
with whom the author has been in constant correspond-. 
ence while writing this book, and who made numerous 
valuable suggestions after reading the part of the manu- 
script which deals with the algebraic theory. However, 
many of the proofs due essentially to Wedderburn have 
been recast materially. Known theorems on the rank 
equations of complex algebras have been extended by 
the author to algebras over any field. The division 
algebras discovered by him in 1906 are treated more 
simply than heretofore. 

Scorza’s book has been of material assistance to the 
author although the present exposition of the algebraic 
part differs in many important respects from that by 
Scorza and from that in the author’s earlier book. 

But the chief obligations of the author are due to 
Wedderburn, both for his invention of the general theory 
of algebras and for his cordial co-operation in the present — 
attempt to perfect and simplify that theory and to 
render it readily accessible to general readers. 

The theory of arithmetics of algebras has been sur- 
prisingly slow in its evolution. Quite naturally the 
arithmetic of quaternions received attention first; 
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the initial theory presented by Lipschitz in his book of 


1886 was extremely complicated, while a successful 
theory was first obtained by Hurwitz in his memoir 
of 1896 (and book of 1919). Du Pasquier, a pupil of 
- Hurwitz, has proposed in numerous memoirs a definition 
of integral elements of any rational algebra which is 
either vacuous or leads to insurmountable difficulties 
discussed in this book. Adopting a new definition, the 
author develops at length a far-reaching general theory 
whose richness and simplicity mark it as the proper 
generalization of the theory of algebraic numbers to the 


- arithmetic of any rational algebra. 


Acknowledgments are due to Professor Moore, the 
chairman of the Editorial Committee of the University 
of Chicago Science Series, for valuable suggestions 


both on the manuscript and on the proofsheets of the 


| chapter on arithmetics. 


L. E. Dickson 


UNIVERSITY OF CHICAGO 
June, 1923 
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CHAPTER I>’? 


INTRODUCTION, DEFINITIONS OF ALGEBRAS, 
ILLUSTRATIONS 


The co-ordinates of the numbers of an algebra may 
be ordinary complex numbers, real numbers, rational 
numbers, or numbers of any field. By employing a general 
field of reference, we shall be able to treat together 
complex algebras, real algebras, rational algebras, etc., 
which were discussed separately in the early literature. 

We shall give a brief introduction to matrices, partly 
to provide an excellent example of algebras, but mainly 
_ because matrices play a specially important réle in the 
theory of algebras. 

1. Fields of complex numbers. If a and 0 are real 
numbers and if z denotes ees then a+40z is called a 
complex number. | 

A set of complex numbers will be called a field if the 
sum, difference, product, and quotient (the divisor 
not being zero) of any two equal or distinct numbers 
of the set are themselves numbers belonging to the set. 

For example, all complex numbers form a field C. 
Again, all real numbers form a field 9%. Likewise, the 
set of all rational numbers is a field R. But the set of all 
integers (i.e., positive and negative whole numbers and 
zero) is not a field, since the quotient of two integers is 
not always an integer. 

Next, let a be an algebraic aber i.e., a root of 
an algebraic equation whose coefficients are all rational 
‘numbers. Then the set of all rational functions of a 


I 
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. with rational. coefficients evidently satisfies all the 


a requirenients made i in the foregoing definition of a field, 


ne and.i is Called an algebraic number field. 


4 


3 


‘The latter field is denoted by R(a) and is said to 
be an extension of the field R of all rational numbers — 


_ by the adjunction of a. It has Ras a sub-field. 


Similarly, the field C of all complex numbers is the | 
extension #(z) of the field # of all real numbers by the ~ 


adjunction of 7. 

All of the fields mentioned above are sub-fields of C. 
For such fields the reader is familiar with the algebraic 
theorems which will be needed in the development of the 
theory of linear algebras. However, that theory will 
be so formulated that it is valid not merely for a sub- 
field of C, but also for an arbitrary field (occasionally 
with a restriction expressly stated). Mature readers 
who desire to interpret the theory of algebras as applying 
to an arbitrary field are advised to read first chapter 
xi, which presents the necessary material concerning 
general fields. 

2. Linear transformations: The pair of equations 


t: x=ai+bn, y=c&tdn, D= : 


i |#0. 


with coefficients in any field FP, is said to define a linear 
transformation ¢, of determinant D, from the initial 
independent variables x, y to the new independent 
variables £, 7 

Consider a second linear transformation 


a 
: ~O, 


r: E=aX+BY, n=yX+8Y, A=| * 


§ 2] LINEAR TRANSFORMATIONS 3 


from the variables £, » to the final independent vari- 
ables X, Y. If we eliminate £ and 7 between our four 
equations, we obtain the equations 


by: x=a,X+bY , y=¢,X+d,Y , 
in which we have employed the following abbreviations: 


(1) a:=aat+by, b,=a8+b5, c.=catdy, d,=cB+dé6, 


whence 


(2) 


ee 
Pe 


= DA sto. 


Instead of passing from the initial variables x, y to 
the intermediate variables £, 7 by means of trans- 
formation /, and afterward passing from &, 7 to the final 
variables X, Y by means of transformation r, we may 
evidently pass directly from the initial variables x, y 
to the final variables X, Y by means of the single trans- 
formation ¢;. We shall call ¢, the product of ¢ and 7+ 
taken in that order and write /,=é7r. This technical 
term “product” has the sense of resultant or compound. 
‘Similarly, we may travel from a point A to a point B, 
and later from B to C, or we may make the through 
journey from A to C without stopping at B. 
By solving the equations which define /, we get 


RS Cee oie ae 
RH thy. VE eT A: 


If we continue to regard x, y as the initial variables and 
£, as the new variables, we still have the same trans- 
formation ¢ expressed in another form. But if we regard 
£, 7 as the initial variables and x, y as the new variables, 
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we obtain another transformation called the inverse of ¢ 
and denoted by ¢~'. It will prove convenient to write 
A, Y for x, y; then | 


ry _ay_5 af y,4 
Eliminating £ and 7 between the four equations defin- 


ing ¢ and ¢~’, we find that the product #i~* is 
I: x=X, y=/, 


which is called the zdentity transformation I. As would be 
anticipated, also /~*t=T. 

While /~"t=ti/—', usually two transformations ¢ and 7 
are not commutative, tr¥7t; since the sums in (1) are 
usually altered when the Roman and Greek letters are 
interchanged. However, the associative law 


(tr) T =t(rT) 


holds for any three transformations, so that we may write 
irT without ambiguity. For, if we employ the foregoing 
general transformations ¢ and 7, and 


; X=Au+B2, Y=Cu+D2», 


we see that (fr)T is found by eliminating first £, 7 and 
then X, Y between the six equations for ¢, 7, T, while 
i(rT) is obtained by eliminating first X, Y and then 
£, » between the same equations. Since the same four 
variables are eliminated in each case, we must evidently 
obtain the same final two equations expressing x and y 
in terms of w and v. 

The foregoing definitions and proofs apply at once to 
linear transformations on any number ?# of variables: 


§ 3] MATRICES _ 5 
X= Aub: t dig. os 8 + arp, , 

Xp = AprEr + Ap2E2t ae we +Apphp, 

except that the equations of the inverse A~* are now 
more complicated (§ 3). 

3. Matrices. A linear transformation is fully defined 
by its coefficients, while it is immaterial what letters 
are used for the initial and the final variables. For 
example, when we wrote the equations for /~' in § 2, 
we replaced the letters x, y which were first employed 
to designate the new variables by other letters X, Y. 


Hence the transformations /, 7, and A in § 2 are fully 
determined by their matrices: 


m=(¢ ) se a B Qi1, Q12y » » » » y Ay 
= ‘ . ’ = y 6 ’ a ° * . ° * 9 


Apr, Upray » + « + 9 Upp 


the last having p rows with p elements in each row. 
Such a p-rowed square mairix is an ordered set of 
elements each occupying its proper position in the symbol 
of the matrix. The idea is the same as in the notation 
for a point (x, y) of a plane or for a point (a, y, 2) in 
space, except that these one-rowed matrices are not 
square matrices. The matrix 


=( aatby aB+b6 
~\ catdy cB+dé 


of the transformation ¢,=#7 is called the product of the 
matrices m and p of the transformations ¢ and 7. Hence 
the element in the 7th row and th column of the product 
of two matrices is the sum of the products of the succes- 
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sive elements of the ith row of the first matrix by the 
corresponding elements of the jth column of the second | 


matrix. 


For example, the element a8+06 in the first row and © 
second column of mp is found by multiplying the ele- — 
ments a, 6 of the first row of m by the elements 8, 6, — 
respectively, of the second column of yu, and ane the 


two products. 


The determinants D and A of the transformations _ 
¢ and 7 are called the determinants of their matrices — 
m and uw. By (2), the determinant of their product — 


mu is equal to the product DA of their determinants. 


We shall call the matrices m and uw equal, and write © 


m=wp, if and only if their corresponding elements are 
equal: 


a=a, b=6, c=y, . d=6. 


In §2, we employed only transformations whose 
determinants are not zero. ‘This restriction is necessary 
if we desire that the initial variables shall be independ- 
ent, as well as the new variables. For, if D=o and 
ao int, then y=a-'cx. - But let us employ also degener- 
ate transformations (of determinant zero), i.e., linear 


relations between two sets of variables, the variables in | 


one or both sets being dependent. ‘Then the product 
of any two linear transformations, whether degenerate 
or not, is found as before by elimination of the inter- 
mediate set of variables. Hence we may apply our 
rule of multiplication to any two matrices, and con- 
clude from § 2 that this multiplication obeys the associ- 
ative law. 


ee es 


| 
| 
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In particular, ml=Im=m for every two-rowed 


- matrix m if 


is the identity matrix, or unit matrix. If the determinant 
D of m is not zero, m has the inverse 


m=*—=( ee By ), m—*nm=mm-"*=I, 
The corresponding matrix without the denominators D 
is called the adjoint of m and designated by “‘adj. m.” 
If m is a p-rowed square matrix, the element in the 
ith row and jth column of its adjoint is the cofactor 
(signed minor) of the element in the 7th row and ith 
column of the determinant D of m. In case. Do, 
the element in the ith row and jth column of the inverse 
m~* of m is the quotient of that cofactor by D. 
Given two matrices m and yp such that the determi- 
nant |m| of m is not zero, we can find one and only one 


matrix x=m~"u such that mx =p, and also one and only 


one matrix y=yum" such that ym=u. 
But if |m|=o, there is no matrix x for which mx=I, © 
since this would imply o-|x|=1. Likewise there is no 


_ matrix y for which ym =I. 


Hence each of the two kinds of division by m is 
always possible and unique if and only if |m|#o. 

The sum of the foregoing two-rowed matrices m and pu 
is defined to be 


ata b+8 


m+w=( cty d+é. 
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Hence the matrix all of whose elements are zero plays” 
the réle of zero in addition. 

Denote by S, the scalar matrix whose diagonal ele-_ 
ments are all e and whose remaining elements are all 
zero; if there are only two rows, | 


s=( a} 
Oo @ 


If a and 0 are any two numbers of the field F, 
Sat Sp =Sa+s ; SaS5=Sap . 


Hence there is evidently a one-to-one correspondence 
between the scalar matrices S, and the numbers e of — 
the field F such that this correspondence is preserved 
under both addition and multiplication. In other words, | 
the set of all scalar matrices is a field simply isomorphic — 
with F. Moreover, 


ea eb op aoe 
Son=mS_=( ec ed ), m=( c od ) 
Hence from any relation between matrices, some of | 
which are scalar, we obtain a true relation if we replace © 


each scalar matrix S, by the number e and make the 
following definitions: : 


ea eb 
ec ed 


; etm=m-+e=( ae ee ) 


The first relation defines the scalar product of a number e | 
and a matrix m to be the matrix each of whose elements — 
is the product of e by the corresponding element of m. — 
In particular, el =IJe=S,. Use is rarely made of the 
notation e-++-m, which is generally written eJ +m. | 


em=me=( 
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If m is a matrix whose determinant D is not zero, 


"then adj. m= Dm~ by the foregoing definitions. Hence 
| the product of m and adj. m in either order is DI. This 
' result holds true also if D=o. 


Important theorems on matrices are proved in chap- 


| ter vil. 


4. Definition of an algebra over any field. According 


to the definition to be given, the set of all complex 
' numbers a+07 is an algebra over the field of all real 
} numbers. Again, the set of all p-rowed square matrices 
' with elements in any field F is an algebra over F (§ 8). 
In this algebra, multiplication is usually not commuta- 
_ tive, while division may fail. 


The foregoing discussion of matrices and operations 


| on them provides an excellent concrete introduction to 


the following abstract definition of algebras. 

The elements of an algebra will be denoted by small 
Roman letters, while the numbers of a field F will be 
denoted by small Greek letters. 

An algebra A over a field F is a system consisting of a 
set S of two or more elements a, 0, c, . . . . and three 
operations ©, ©, and O, of the types specified below, 
which satisfy postulates I—V. The operation ©, 
called addition, and the operation ©, called multiplica- 


| tion, may be performed upon any two (equal or distinct) 
elements a and 6 of S, taken in that order, to produce 


unique elements a@b and aOb of S, which are called 


the sum and product of a and 6b, respectively. The 
_ operation O, called scalar multiplication, may be per- 
_ formed upon any number a of F and any element a of S, 
_ or upon a and a, to produce a unique element aOa or 
— aQa of S, called a scalar product. 
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For simplicity we shall write a+) for a@b, ab for 


aQ©b, aa for aOa, and aa for aOa, and we shall speak ~ 


of the elements of S as elements of A. 


We assume that addition is commutative and associ- — 


ative: 
if at+b=b+a, (a+b) +c=a+(b+c), 
whence the sum a,+.... +a; of a, ...., @ is 


defined without ambiguity. 
For scalar multiplication, we assume that 


Il. aa=aa, a(fa)=(aB)a, (aa)(8b)=(a8)(ad), 
III. (a+ B)a=aa+ Ba, a(a+b)=aa+adb. 


Multiplication is assumed to be distributive with 
respect to addition: 


IV. (a+b)c=act+bc, c(a+b) =ca+cb. 


But multiplication need not be either commutative 


or associative. However, beginning with chapter iv, 


we shall assume the associative law (ab)c=a(dbc), and 
then call the algebra associative. \ 

The final assumption serves to exclude algebras of 
infinite order: 

V. The algebra A has a finite basis. 


This shall mean that A contains a finite number of » 


elements 7;, .... , Ym such that every element of A 
can be expressed as a sum a,v, + ... . +00, of scalar 
 peoaucts OU, 6. 4. 5 Ue by nuMbers-ay) 5 6265 5 Ge OF Be 


The reader who desires to avoid technical discussions 
may omit the proof below that postulates I-V imply 
property VI, and at once assume VI instead of V. 
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VI. The algebra A contains elements u,,.... , Uy 
such that every element x of A can be expressed in one 
-and only one way in the form 


(3) x= Etat 2... Extn, 


where &,, ...., &, are numbers of the field F. 
_ This implies that if « is equal to 


(4) | Went... hha; 


Wthen £,=7,,...., &&=%%- Adding the mz terms of 
x to those of y, and applying I and IIL, we get 


(5) ety =(&-+ nut oc ae ae, “F (Egg) tee - 


An element z such that x+z=- for every x in A is 
called a zero element of A. Comparing (3) with (s), 
me see that x-+-y=< if and only if 7,=0, . . . . 5 % =O 
Hence the unique zero element is 

Z=O°Ut.... +O°U,. 
It will be denoted by o in the later sections. 

We shall now deduce certain results from I-V which 
will enable us to prove VI. We first prove that 1 - «=x 
for every xin A. By V, x=Zaj;. Then, by III, and 
ei... 

: I*X=D1 + (a;0;)=2Z(1 + a;)0;=Dajyj=x 


Write Z=0o-%; for ¢=1,:.5...,m, and 2=2:-+ 
. +2m. By III, for a=o, B=1, we have a=o: a+a. 
| Take a=a,v; and note that, by IL, 


(6) O + avj=(0 + aj); =0 + 4=3;. 


Hence av;=2;+a,7;, Summing forz7=1,...., m, we 
get x=z+4%. Suppose that also x=w-+ 2 for every x in 
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A, whence z=w+z. By the former result with x=w, — 
we have w=s+w, whence w=w+z by I. Hence 
w=z. Hence A contains a unique zero element z such — 
that «=z+« for every x in A. 

By summing (6) for 7=1, .... , m, and applying © 
IIT,, we get o- x=2 for every xin A. Next, by IIs, j 


3 


zix=(0o + v;)x=(0- 2;)(1 - x) =(0- 1) (ax) =O(0x) =3. 


Summing fori=1,.... , m, and noting that z+2s=3, © 
we get zx=z. Similarly, xz;=2z, whence xz=z. For 
any number p in F, | 


p2i=p(0+v%;)=(p-0)yj=0°0;=Z;, p2=Z. 


Define —x to be the scalar product of —1 by x. 

By III, for a=1, B=—1, we get z=a+(—a). | 

Define x—y to mean x+(—y) and call it the result 

d of subtracting y from x. By adding y to each member © 

of x—y=d, and applying the preceding conclusion, we | 

get 
x—y+y=x+2=x=d+y. 


Conversely, if «=d+y, add —y to each member; © 
then 
x—y=d+y+(—y)=d+z=d. 


Hence any term of one member of an equation may be 
carried to the other member after changing the sign of 
the term. 

We are now in a position to prove VI. Either the 
v; in V will serve as the desired u;, or there exists at 
least one relation Dy,v;= 26,0; in which y;~ 8; for some 
value <m of 7. Since we may permute the 2;, we 
may assume without loss of generality that 7¥mBm. 
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Then there exists a number p of the field F such that 
P(8m—Ym)=1. We transpose terms, apply III,, multiply 
on the left by p, apply II., and get 


cs beat 8 
> (1-8) + Uj=Um- 
j=l 


If *m>1, we may therefore eliminate v,, from Lav; and 
obtain a linear function of v,, . . . . , ¥,—, with coeffici- 
ents 6; in F. If two such linear functions are equal 
without being identical, a repetition of the argument 
shows that we may eliminate one of 2,,...., Um—1 
from 26,v;. Evidently this process ultimately leads to 
a set of elements u,, .... , u, having property VI. 

This definition of an algebra, with V replaced by the 

much stronger assumption VI, is due to G. Scorza.f 
However essentially the same definition of an algebra 
over the field of real numbers had been given in Encyclo- 
pédie des Sciences Mathématiques, ‘Tome I, Volume I 
(1908), pages 369-78. 
5. Linear dependence with respect to a field. Ele- 
ments ¢,,.... , € of an algebra A over F are said 
to be linearly dependent with respect to F if there exist 
numbers a;,.... , ag, not all zero, of F such that 
Haye, + .... +aseg=o. If no such numbers q; exist, 
ithe e; are called linearly independent with respect to F. 
An example is given in § 8. 

* If m=1, we proved that z=v;. Hence, by V, every element of A 
is the form a:21=a:2=2, whereas A was assumed to contain at least two 
elements. This contradiction shows that 2; in V serves as a in VI and 
that n=1. 


| Corpt Numerici e Algebre (Messina, 1921), p. 180; Rendiconti 
Circolo Matematico di Palermo, XLV (1921), 7. 
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THEOREM. Ifu,,.... , u, are linearly independent 
with respect to a field F, the n linear functions q 


(7) l;= Biya + ce ee + Bint ((=1, ieee 1) , q 
with coefficients in F, are linearly independent or dependent 
according as the determinant B=|8;;| is not zero or is zero 

For, if a,, .... , a, are numbers of F, a 

‘ 


n n n 1 
> aly = > Birr we ee > 04 BinUn 


is zero if and only if 


(8) pianos a eee ye 
t=1 i=I 


The determinant of the coefficients of a,,...., a, in 
equations (8) is 8. Hence the ordinary rule for solving 
linear equations by determinants gives Ba;=0,...., 
Ba,=0. If Bo, a, .... 5 a, are all zero, so thag 
I, .... , l,are linearly independent. Butif B=o, the 
n linear homogeneous equations (8) have solutions* 
Oy ws 63 My, not all: zero, whence |i, .>.::. , 4g 
linearly dependent. 

6. Order and basal units of an algebra. In view 
of VI, in § 4, the algebra A over F is said to be of order n, 
and u,,...., U4 are said to form a set of » basal 
units of A. 


ee ee ee, ee 


es a ee Se 


* Dickson, First Course in the Theory of Equations (1922), p. 119. 
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i The last name is given also to any set of ~ linearly 
‘independent linear functions (7) of #,, .... , % with 
Micficients in’ F, Then the determinant of - those 
i coefficients is not zero, and (7) can be solved for 


fe, ia acy tm terms of iy 6.6 6005 ye lence every 
element 2a;u; of A can be expressed as a linear function 
jofl,, ...., 1, with coefficients in F. 

This replacement of one set of basal units #,, .... , 
My by another set/,,.... , J, 1s called a transformation 
jof units. The work will be carried out in full detail 
jin § 6r. 

| Tueorem. Any n+1 elements of A are linearly 
\dependent with respect to F. 

j 6For, i, .... 4, d442 are evidently dependent if 
i;,...., 1, are. In the contrary case, we saw that 
os can be expressed as a linear function of J,,.... , In 
jwith coefficientsin F, so thatl,,.... , J,4.are dependent. 
7. Modulus. An algebra A may have an element 
'e, called a modulus (or principal unit), such that ex= 
\xe=x for every element x of A. For example, the unit 
imatrix I (§ 3) is a modulus for all square matrices having 
‘the same number of rows as J. | 

| If there were a modulus s other than e, then se=e, 
while se=s by taking «=s in the earlier relations. — 
|Hence s=e, so that there is at most one modulus. It 
is often designated by 1 since it plays the réle of unity in 
multiplication. | 

If an algebra A over F has the modulus e, the totality 
of elements ae, where a belongs to F, constitutes an 
algebra of order 1. Since ae+a’e=(a+a’)e, ae-a’e= 
aa’e, this algebra of order 1 is called simply isomorphic 
with the field F. 


i 
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: 


8. Examples of associative algebras. The totality 
of p-rowed square matrices with elements in any field F 
is an associative algebra of order p? over F, when addi- 
tion, multiplication, and scalar multiplication are defined 


as in $3. We may choose as a set of #? basal units 
ej(4, 7=1,...., p), Where e; denotes the matrix 


whose elements are all zero except that in the 7th row 


and 7th column, while that element is 1. For p=2, 


L2H Oo. % a6 Oo ~s 
3 ’ é32> ) C21 = ’ C22 ‘ 
oO Oo oO oe o.ce 


Then 


( : = a+ Be:2+ Vat 0€22 


is zero only when a=8=y=6=0, whence the four ¢; 
are linearly independent with respect to F (cf. § 9, end). 

Second, the field C of all complex numbers £+77 
may be regarded as an algebra of order 2 with the basal 
units u,=1, “,=12, over the field F of all real numbers. 
For, the assumptions I-IV are satisfied when the Roman 
letters denote any numbers of the field C and the Greek 
letters denote any real numbers. 

Third, any field / may be regarded as an algebra, 
over F, of order 1, whose basal unit is 1 (or any chosen 
number ~o of F). 7 

g. An algebra in terms of its units. Choose any set 
of basal units #,,.... , uU, of an algebra A of order 1 
over the field F. By VI, any elements x and y of A 
can be expressed in one and but one way in the respective 
forms 
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& n nN 
(9) : z= > bm, y= > nimi, 


eee fo, es, Sy Ee numbers of F called the co- 
ordinates of x (with respect to the chosen units). By $4, 


(10) x+y= > (Etm)ui,  x-y= pas (E:—1i) m4. 
By IV and II,, we have | 


(rr) y= » inj ° UjU;. 


i,j=1 


By VI, 


n 
(12) Uju; = SiH (4, 7=1, 4k Soy ”) , 
k=1 


where the 73 numbers 7;;, belong to F and are called the 
constants of multiplication of the algebra A (with respect 
to the units #:,...., Um). The n? relations (12) are 
said to give the table* of multiplication of A (with respect 
Pto the units %,.. ... , Un): 

From (11) and (12), we get, by ITI, and IL,, 


n 
(13) xy = oe EnjViik * Up » 


4,j, R=1 


From (9,) we obtain, by III, II., and Ih, 


nN 


(14) px=xp= SS (p&;)u; (pin F). 


i=1I 


* We may use an actual table as in § 25. 
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The set of elements (9,) form an algebra A over F 
with respect to addition, multiplication, and scalar 
multiplication, defined by (1o,), (13), and (14), respec 
tively, since postulates I-V of § 4 are easily seen to be 
satisfied. Hence we may operate concretely on. the 
elements of an algebra by the rules of this section without | | 
recourse to § 4. 4 

To illustrate these rules for the algebra of all two- | i 
rowed square matrices with elements in F, we write 
the matrices m, uw, m+p, and mu of § 3 in terms of the 
basal units e;; defined in § 8 and obtain 


M= ent berz+Ceat+dez, - 
M=Olrr+ Bera + YCart be22 , 
m+ w= (a-+a)ea+ (b+ B)erat (C+ Y)eat (d+4)ez2, 
mu =(aa+by)eu+ (aB+5)er+ (catdy)eat (cB+d6)er2. 


The last equation may also be verified by means of the 
following table of multiplication of the units: 


(15) | Cij€jk = ik , CijC1k =O (t=j). 


10. New form of the foregoing matric algebra. 
Consider the complex matric algebra of all two-rowed 
square matrices whose elements are complex numbers. 
- We employed above the set of basal units é::, é:2, €or, €22- 
Then é,:+¢22 is the unit matrix or modulus, which will 
here be designated by 1. 

We shall introduce the new set of basal units, 


(16) | I=@y+ 22; y= V —a(rr— 622) ) U2=C1a— Bear 
= V —aleat+ Bear) ’ 
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where ao, Bo. We have 


iT a ek Jesh as 
7 w= ( re) as Vea sie oad « nt > i 
=( Oi eos 
oi i BV —a ew 
~ By actual multiplication of matrices we readily get 
a-("° ° Jana, Uz=—B, uwz=—aB, Uu.=4U;. 
o —a | 


Since matric multiplication is associative, we get 


UU; =UzU{U,= —AU2, U,U2,=UyUU2= — Buz, 
eee aBu, ae UzU2 oe u3( peti d Bux) or U3U,z ae au. . 
AU2U;=UzUz * Uy =U;(—a), UU; = —Uz * Ug, = Buy. 


Hence the multiplication table of the units 1, ,, “2, u; is 


U;=—a, Uz=—B, us=—aB, UyU2=U;, UM =—Us, 
(18) }  UU3;=—OU2, Usly=AU2, U2U3;= Buz, UsU2= — Buy, 
I * Uy=Uy* L=Uy (r=1, 2, 3). 


The linear combinations of 1, #;, #2, 4; with complex 
coefficients constitute an algebra which is merely another 
form of the complex matric algebra with the units 
ety Crh Gar, Ora: 

But if we restrict the co-ordinates of o+£u,+yu,+ 
¢u, to be numbers of any field F which contains a and 8, 
we obtain an associative algebra over F. 

11. Quaternions. If in (18) we take a=S8=1 and 
write z, 7, k for uz, 42, 43, we obtain the multiplication 
table 


(10) Peep Y=k, pi=—k, ki=j, 
tk=—j, jk=t, kj=—1, I?=11 =1, etc. 
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of the basal units of quaternions q=ot+éi+tnj+ck. ke 
The totality of elements g with o,.. ,< nae | 
field F is the associative algebra of aGntenion over Fy) 
When ¢,.... .,; ¢-.aré all complex, real, or rational, 
qg is called a complex, real, or rational quaternion, 
respectively. | 
Define the conjugate g’ and norm N(q) of q to be 


pee aah, = Nigh=qy =qq= CLE tre 


The conjugate of a Pee gg: is readily verified to 
be equal to the product gig’ of the conjugates in reverse 
order. Thus W(qgq:)=q¢q.giq'. Since qg; is a aumbelll 
N(q:) of F it may be moved to the right of q’. Hence | 
N(qq:)=N(q)-N(q:). In other words the norm of a) 
product of any two quaternions is equal to the product | 
of their norms. ‘| 

Let F be a field composed only of real numbers. | 
Then a sum of squares is zero only when each square is | 
zero. Thus if go, then V(q)o and gq has the inverse | 


tae 
NO | 
Hence, if g4o, gv=q,; has the unique solution «=q7~"q, : 
and yqg=q: has the unique solution y=q,g7". Thus — 
each of the two kinds of division by go is always | ] 
possible and unique in the algebra of quaternions over 
any real field. In particular, a product of two ‘ca 
quaternions is zero only when one factor is zero. ] 
12. Equivalent and reciprocal algebras. Two alge- 
bras A and A’ over the same field F are called equivalent — 
(or simply isomorphic) if it is possible to establish — 
between their elements a (1, 1) correspondence such that 4 
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if any elements x and y of A correspond to the elements 
«’ and y’ of A’, also the elements «+, xy and ax of A 
correspond to the elements x’+y’, x’y’ and ax’ of A’, for 
every member a of F. 

Equivalent algebras have the same order, and their 
elements zero correspond. If one of two equivalent 
_ algebras has a modulus, so does the other, and the 
+ moduli correspond. | 

Any algebra A over F is equivalent to itself under 
} any linear transformation of units with coefficients in 
F (§ 6). 

For example, if we take a=(8=1 in § 10, we see that 
the algebra of all two-rowed matrices whose elements 
are complex numbers is equivalent, by means of the 
transformation (16) on the units, to the algebra of all 
complex quaternions. But since that transformation 
has imaginary coefficients, it does not set up a corre- 
spondence between real matrices and real quaternions. 
The two real algebras are in fact not equivalent; various 
products ¢,,¢,,(7=1, 2; sS=1,2) of real matrices are 
zero, although each factor is not zero, while the product 
of two real quaternions, each not zero, is never zero. 

Two algebras A and A’ over F are called reciprocal 
if it is possible to establish a (1, 1) correspondence 
between their elements such that x+y, xy, ax now corre- 
spond to x’+y’, y’x’, ax’. 

If in the multiplication table (12) of the units of an 
algebra A over F, we replace each product uu; by 
uju;, we obtain the multiplication table of the units 
U;,.... , U, of an algebra A’ over F which is reciprocal 
to A. For.example, from (15) we get 


/ 


CnC: =Cip, Cp C=O | (t=57). 
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From these relations we obtain again (15), aside from 
the lettering of the subscripts, if we write e,, for e;,, 1.e., if 
we interchange the rows and columns of our matrices. _ 
Hence the algebra of all p-rowed matrices over F is self- 
reciprocal under the correspondence which interchanges _ 
the rows and columns of its matrices. | 

Two algebras which are either both equivalent or — 

both reciprocal to the same algebra are equivalent to | 
~ each other. 

13. Second definition of an algebra. Each element | 
x=Déu; of an algebra A over F, defined in § 4, has a | 
unique set of co-ordinates &,...., & in F with | 
respect to a chosen set of basal units u,,...., Ug. @l 
Hence with x may be associated a unique z-tuple* 
(é&,, .... , &] of ordered numbers of F. Using 
this m-tuple as a symbol for x, we may write equations 
(10,), (13), (14) in the following form: 


(20) [&,- e+ ltl, .. +, ml 
=[E+m:, ny a hs Ext nal, , 


(21) Beaks ore tg Suh Ao ac sik Bl 
- Sen peseey > Evin , 
i,j=1 i,j=1 : 


oe foo. elma 2% ee 
=[pbr, .. + +» Pknl; pin F, f 


These preliminaries suggest the following definition 
by W. R. Hamilton of an algebra A over F: Choose 
any m' constants yz of F, consider all n-tuples [&,,...., — 
£,] of m ordered numbers of F, and define addition and — 


* For an algebra of two-rowed matrices, the numbers of each quad- 
ruple were written by twos in two rows. 
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multiplication of m-tuples by formulas (20) and (21), 
and scalar multiplication of a number of p of F and an 
n-tuple by formula (22). To pass to the definition in 
§ 4, employ the particular 1-tuples 


123) U,=[I,0,...:, Ol, Uy 10, TOs 5 ass es OL aa 
GeMio,. 2... 50, 2] 


mes basal units. By (20) and (22), [&,....5 §J= 
| Emit ... . +&n,n. Then (20), (21), (22) take the 
_ form (10,), (13), (14), and, as noted in §9, all of the 
assumptions made in § 4 are satisfied. Hence an algebra 
of n-tuples is an algebra according to § 4 and conversely. 

Hence there exists an algebra over F having as con- 
stants of multiplication any given m3 numbers ¥;z of F. 
_ The algebra will be associative if the y’s satisfy the con- 
ditions (§ 58) obtained from (uju;)u, =u,;(ujup). 

14. Comparison of the two definitions of an algebra. 
Under the definition in § 4, an algebra over a field F is 
a system consisting of a set of wholly undefined elements 
and three undefined operations which satisfy five postu- 
lates. 

Under Hamilton’s definition in § 13, an algebra of 
order 1 over F is a system consisting of 73 constants ¥;;z 
of F, a set of partially* defined elements [&,, .... , &J, 
_and three defined operations, while no postulates are 
imposed on the system other than that which partially 
determines the elements. This definition really implies 
a definite set (23) of basal units. A transformation of 
units leads to a new algebra (equivalent to the initial 
algebra) with new values for the v3 constants jz. 


* Each element is an m-tuple of numbers of F. In particular, if F 
is a finite field of order #, there are evidently exactly p” elements. 
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But under the definition in § 4, no specific set of. 
basal units is implied,* and we obtain the same algebra _ 
(not merely an equivalent one) when we make a trans- 
formation of units with coefficients in F. That definition” 
by wholly undefined elements is well adapted to the 
treatment of difference algebras (§ 25) which are abstract — 
algebras whose elements are certain classes of things. — 
The same definition without postulate V is convenient } 
in the study of algebras of infinite order (not treated in | 
this book), an example being the field of all real numbers © 
regarded as an algebra over the field of rational numbers. © 

* To emphasize this point, we may understand postulate V (that a 


finite basis exists) to mean that there is an upper limit to the number of © 
linearly independent elements which can be chosen in the algebra. 


CHAPTER II 


LINEAR SETS OF ELEMENTS OF AN ALGEBRA 


In the later investigation of an algebra A, we shall 
_ often find it necessary to consider a “linear set”? of its 
’ elements which is closed under both addition and scalar 
_ multiplication. Hence we shall develop here the 


_ calculus of linear sets, including their addition and 


' multiplication. 
| 15. Basis, order, and intersection of linear sets. 
lia, .... , %» are any elements of an algebra A (not 


necessarily associative) over a field F, the totality of 
- their linear combinations ~),;x;, whose coefficients ); 
' are numbers of F, is called the linear set* with the basis 
x, , . .. +, Xm and is designated by (#,, .°....., mye 
The linear set with the basis o is composed only of the 
element o and is called the zero set and is designated by 
(0) oro. 
_ The order of a linear set #0 is the maximum number 
_ of linearly independentf elements which can be chosen in 
the set. The zero set is said to be of order zero. Hence 
if, .... , %» are linearly independent, the linear set 
| (a, .... , Xm) is of order m. The set (x) is of order 
I or 0, according as xo or “=o. 

For example, let A be the algebra of all real quater- 
nions ($11). The quaternions a+(z, in which a and 8 
range over all real numbers, form the linear set S = (1, 7) 


* Called complex by Wedderburn and system by Scorza. 


, t With respect to the field F, as will be understood throughout. 
— Compare § 5s. 


25. 
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of order 2.. The quaternions ai+ 7 form another linear 
set T= (i, 7) of order 2. 


lemma 1. If x, 5...) % are n linearly mde@ 
pendent elements of a linear set S of order m(o<n<m), | 


we can find elements Xni1, +... ,%m Of S such thatm@ 
Wee ees oy ee) WHEE: Hr; -s 6 5, Om Ore linear 
independent. 


For, S contains elements ¢ linearly independent of © 
Hr, +... , 4%; Selectany ¢ as %_4,. Unless m=n-+1,@ 


S contains elements f linearly independent of x,, .. . 
fate; Select any f as.x,4.; etc. 


If a linear set T contains all of the elements of a — 
linear set S, we shall write T=S, SS7. If T contains © 
S and also elements not in S, we shall write T>S, © 


hs To BF 


If S and T are two linear sets of an algebra A, all — 
elements (including certainly o) which are common to © 
S and T evidently form a linear set. The latter is 
called the intersection of S and T, and is denoted by — 


either SAT or TAS. 


In the preceding example, S=(1, 7), T= (i, 7), whence | 


SeT = (6): 


16. Sum. The unique linear set of smallest order | 
which contains all the elements of S and all those of T 
is called the swm of S and 7, and is denoted by either : 


etiorres. i 


be he nh < Sas (if eres Ra 
DAT BR Oe ie ba hi ee a pa 


Hence S+T is composed of all of the elements Yojs;+ 
X7;lt;, where the o; and 7; are numbers of the field F. 


‘i 
et ; 


De ene Oar re 
ihe 


Ee 
x 


a 


sl hia es Ft as 


z 
A 


ie 
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Since Lo;s; gives all the numbers of S, and 27;t; all of T, 
it follows that S+T is the totality of those elements of 
A each of which is the sum of an element of S and an 
element of 7. 

If TSS, then S+T7=S and conversely. 

For the linear sets S=(1, 7) and JT =(z, 7) of quater- 
nions, S+7 =(r, 7, 7). 

THEOREM 1. Each element of S+T ts expressible in a 
single way as a sum of an element of S and an element of T 
if and only if the intersection of S and T ts zero. 

For, if s+t=s’+#’, where s and s’ are elements of 
S, and ¢ and ?#’ are elements of 7, then s—s’ =/'—t is in 
the intersection SAT of S and 7. 

We readily verify that 


(2) (S+T)LU=S+HT+HU), (SAT)AU=SA(TAD). 


THEOREM 2. If two linear sets S and T are of orders 
m and n, while their intersection C=SAT 1s of order 1, 
then the order of S+T is m+n-—l. 

Tet ss Gf be linearly independent elements* 
of C. By Lemma 1, we may write 


SG) Seda es & a bp 


Pete Se, Oy Hag eee a 


in which the indicated elements of S are linearly inde- 
pendent, and likewise those of 7. Hence 


S+T=(c,, ree ws Cly S]41t> © + © © y Sm, fits » Arua uae ast ba): 


The indicated elements of S+T are linearly independent. 
For, if 


* If C=o, the proof holds if we suppress @, .... » 1. 
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De S osj+ ae (vi; Oj» Tk in F), 


jg=l+t1 k=l+1 


the element — 27r;t; of T would be equal to the element : | 


LDyici +Do;s; of S and hence would be an element Y6,;c¢; — 


of their intersection C. But, by the assumption on 7, : | 
the % and c; are linearly independent, whence each t,=0 | 
and each 6;=o. Then the displayed equation becomes © 
Lyici +2o;s;=0, so that, by the ee on S, ¢ach | 
7i=0 and each oj=o. 4 
The result proved for S+T shows that its order is — 
m+n—l., q 

17. Linear sets supplementary in their sum. If, 
for r>2, S:,...., S;, are linear sets of an algebra A, — 
we define the sum S,+ .... +5, by induction on 7 | 
by means of 


ieee ese 4S) 


Let m; denote the order of S;, and m the order of 4 
Sit ....+5,. By the preceding theorem, ms @ 
m:+ ....+m,, and the equality sign holds if and © 


only if zero is the only element in common with ~ 


See. os kot Sy.- and S;. for j=2,....,7, ane 
hence, by Theorem 1, if and only if each element of © 
Sit .... +5; can be expressed in a single way in the 7 
form s,;+ .... +5,, where s; 1s an element of S;. 7 


In this case m=m,+....-+m,, the linear sets q 


S:,...., S;, are said to be supplementary in S,+ — 
. +5,. : 

In particular, S, and S, are supplementary in S,+.S, 

if and only if S;AS,=o. For example, (i,7) and (1, k) ~ 
are supplementary in their sum (1, 7, 7, 2). 
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Lemma 2. If S and T are linear sets of an algebra 

A and if TSS, we can find a linear set X such that T and 
X are supplementary, t.e., S=T+xX, TAX =o. 

| This follows from Lemma 1 by taking 


PA os i We, BIO Bae Pare aoe 4 Ra, 


However, if 7<S, X is not uniquely determined by 
_ S and T since we may replace the foregoing special X by 


Betas i OS ety, 


_ where the ?’s are any elements of 7, while x7,4,,...., 
“Xm are any m—n linearly independent elements of X. 

18. Product of linear sets. If S and TJ are any 
linear sets of an algebra A, the linear set of minimum 
order, which contains all elements obtained by multi- 
plying each element of S by each element of 7, is called 
the product of S by T, and is denoted by ST. Hence, 


in the notation (1), 


Be ees Ba lhe gs ook ee yi by) 
=(s,t,, as ae ae ee Sily , Sah, oS ae a he Smbnds 


_ and the order of ST is <Smn. From (1), 
(s) (S$+T)U=SU+TU, U(S+T)=US+UT. 


| Usually ST#TS. When A is an associative algebra, 
iSTIUES(ITH). 
Consider the special case in which S =(s) is composed 


of the scalar products of s by the various numbers of the 
field F. Then 


Sa = (s\(h,. ne ae aE gk) Smee arate» 8" 
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coincides with the products of s by the various elements | 
Zrit;j of T. Hence we shall often write sT in place of — 


(s)T. By (5), 

P=[(x)+(Q)]U=(x)U+(y)U =xU+yU. 
Since the elements of (v+y)U occur in P, 
(6) (x+y)USx2U+yU. 


This becomes oSxU when y=—wx, whence yU=xU. 
Hence in (6) the sign may be < and not =. 

Lemma 3. [If the order of sT (or Ts) ts less than that 
of T, there exists an element xo of T such that sx =o (or 
xs =0), and conversely. 


ror. we thay write “T=; ..-..., ts eee 
Eos ss. , are ‘linearly independent with respect 
toF, li sx50 for every x =27;t;in whicht,, . ... .. 5% 
are numbers not all zero of F, then si,,°.... , St are 


linearly independent, and s7'is of the same order as T. . 


Conversely, if se=o for at least one such x, then 
$6.3... . 5. 8t, are linearly dependent, and sZ «ig: oF 
order <n. 

Denote the intersection AB of two linear sets A 
and B by T, and consider the product ST given by (4). 
Since each element ¢; of J is in both A and B, each 
product s;/; is in both SA and SB and hence is in their 
intersection. Hence 


(7) S(AAB)SSAASB. 
For example, let A=(1,7,7,%) be the algebra of 
real quaternions, and S=(1, 2), T=(i,7). Then 


S=5, ST=TS=A,.SAT=(), T?=(1, B=T(GAT) 
=TSANT?. 


et eer yt ay 


CHAPTER III* 


INVARIANT SUB-ALGEBRAS, DIRECT SUM, REDUCI- 
BILITY, DIFFERENCE ALGEBRAS 


In the later development of the theory of algebras, 
we shall need certain tools and concepts which are analo- 
gous to processes and ideas employed in the theory of 
groups and were in fact borrowed from that theory. 
However, we shall explain them fully without reference 
to groups. 

19. Sub-algebra. A linear set S of elements of an 
algebra A over a field F is called a sub-algebra of A if 
So, S?SS. If also S<A, S is called a proper sub- 
algebra of A. Note that S?<.S implies that S is closed 
under multiplication. i 

For example, the totality of elements of A which are 
commutative with a given element eo of A is a sub- 
algebra if A is associative. If A contains elements 
which are commutative with every element of A, all 
such elements form a sub-algebra, called the central of A. 
The only quaternions commutative with 7 are a+{z, 
which form a proper sub-algebra S. Those commutative 
with k area+ $k. Hence the central is composed of the 
scalar multiples a of the unit r. 

20. Invariant sub-algebra. If B is a linear set of 
elements of an algebra A such that B¥o, ABSB, 
BA SB, then B is an algebra which is called an invariant 
sub-algebra of A. That B is an algebra follows from 
PaA, PSBASB. 

* The associative law of multiplication is not assumed in chap. iii. 


3! 
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An invariant proper sub-algebra B of A is called © 
maximal if there does not exist in A an invariant proper i 
sub-algebra which contains B and is distinct from B. © 

For example, B=(u;) is an invariant proper sub- — 
algebra of q 


(1) A=(uy, U2, U3): U=Uj, Uus=Uju;=0 (fH2). 
But B is not maximal since it is contained in the (maxi- © 


mal) invariant proper sub-algebra (u,, u2) of A. fy 
THEoreM 1. If B, and B, are invariant sub-algebras 


of an algebra A, then B,+B, is an invariant sub-algebra | 


of A. 
For, 


ABB.) <AB,+AB,SBA+B,, (B+B)ASBABE 


If also B, is maximal, then either B,+B,=A or | 


else B,+B, is an invariant proper sub-algebra (of A) | 


which contains B, and hence coincides with B,, so that © 
B,<B,. q 
Corottary. If B, and B, are distinct maximal — 
invariant sub-algebras of A, then B,+B,=A. q 
THEOREM 2. If B, and B, are invariant sub-algebras | 
of A, their intersection C is either zero or an invariant sub- | 
dishes of A. j 
For, CA SB,A SB, andCA <B,A SB, Sante CA SG, 
Similarly, ACSC. 4 
21. Direct sum, reducible algebras. If an algebra — 
A is expressible as the sum of two proper sub-algebras — 
B and C, such that ; 


BC=0, CB=0, BAC#=o, 
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then A is said to be the direct sum of B and C, and to be 
reducible into the components B and C. We shall then 
write A=BOC=COB. 

Let A have the modulus vu. Then w=e+f, where 
eis in B, and f isin C. Then e is the modulus of B. 
For, if 0 is any element of B, then 6f=o=/b, whence 
b=bu=be, b=ub=eb. Similarly, f is the modulus of C. 

For example, algebra (1) with the modulus u,+u,+4, 
is the direct sum of (u,) and (u., u;) with the moduli 
u, and u,+u;. It is also reducible into the components 
(u2) and (u;, u;). Moreover, A =(u3)@(u;, U2). 

Lemma. If B and C are sub-algebras, either of which 
has a modulus,* and if BC=0=CB, then:BX~C=o, so 
that the sum of B and C 1s their direct sum. 

For, if B has the modulus e, denote by J the initer- 
section BAC of Band C. Since eis amodulusand/ <8, 
el =I, while ef =o since eisin BandIJ<C. Hencel=o. 

22. Theorem. Jf any algebra A has an invariant 
proper sub-algebra B which possesses a modulus b satisfy- 
ing the associative relations 


(2) b-xy=be-y, x-yb=xy-b, x«-by=xb-y, 


for all elements x and y of A, then A ts reducible and has B 
as one component. 

For, by Lemma 2 of § 17, we can find a linear set C’ 
such that A=B+C’, BAC'’=o. Let yA... , 
form a basis of C’ and write 


yi= yj — by; —yibt+by;zb GBI. sae 
*If neither B nor C has a modulus, we may have BC=o=CB, 


BAC #o, as in the case B= (tz, U2), C= (ux, U3), where u2=0, 43=103=1;, 
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We shall prove that A reduces into the component alge- 
bras B and C, where C is the linear set (y,, .. . . , VW). | 
Since 0 is in the invariant sub-algebra B of A, byj, etc., 
belong to B. Hence if a; is any number of the field — 
over which A is defined, Ya;y;=Zaj;yj+b’, where 0’ j 


belongs to B. Thus 
B+C=B+C'=A. 
If x is any element of B, 
xyj= x; —XD - yi —ayib-Lxb - yi'b=0, 


since xb=x. Similarly, yjx=0. .Hence BC =o, CB=a; 
The theorem will therefore follow from the preceding 
lemma if we prove that C is an algebra. For that 
proof consider any element z=x+y of A, where x isin B 
and yisin C. Since 


yb=o=by, xb=x=bx, 


we find that 
Z=2—bz—z2b+ b2b 


cancels to y and hence is in C. If we replace z by yc, 
where c is any element of C, we find that Z reduces to its 
first term yc. This proves that the product of any two 
elements y and c of C is in C, which is therefore an 
algebra. 

23. Lemma. Jf A=BOC and wf B has a modulus 
b, then b is commutative with every element of A and the 
associative relations (2) hold. 

Let x=u-+v, and y=w-+z be any elements of A, 
where wu and w are in B, andvandgareinC. Then 


bx =bu+bv=bu=u, xb =ub-+vb=ub=u, 


iwi 


ie 
P i 
|. 
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so that bd is commutative with every x. Next, 


b+ xy=b + (ut+v)(wtz) =b(uw+rz) = uw, 
bx + y=uy=u(w+z) =u, 


which proves the first relation (2). The remaining two 
are proved similarly. 

24. Theorem. <Any reducible algebra A with a 
modulus* m can be expressed as a direct sum of irreducible 
algebras, each with a modulus, in one way and only one 
way apart from the arrangement of the component algebras. 

Since A is reducible, A=B@C. Then m is the sum 
of the moduli of B and C (§ 21). If either B or C is 
reducible we replace it by the direct sum of two com- 
ponents. ‘This process terminates since A is of finite 
order. Hence A is a direct sum of irreducible algebras 

A,,...., Am each with a modulus. 
| If possible, let A be also the direct sum of the irre- 
ducible algebras B,, ...., By. Leta; be the modulus 
of A;, and 5; that of B;. Then m=Za;= 2); is the 
modulus of A. Letj be any chosen oneof1,...., m. 
Since B;=mB;= 2a;Bh;, there is a value of z for which 
P=a;B; 1s not zero. Since A; is invariant in A, PSA;. 
If x is in B;, we see by § 23 with B=A; that 
Qjx * a;b; aan ajxb; = ajxb; = 4X, 

whence P has the modulus a;b;. Since B; is invariant in 
A, | : 

A;P=0;A;B;S4;B;=P, PAiS?. 
*Tf A has no modulus, it may be expressible in more than one way 
as a direct sum of irreducible algebras. For example, if A=(u, 2), 


where u?=uv=vu=v?=0, then A=(x) @(y), where x and y are any two 
linearly independent elements of A. 
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Hence A; has the invariant sub-algebra P which has 
a modulus. If it were a proper sub-algebra, A; would be 
reducible* (§ 22), contrary to hypothesis. Hence P=Aj. © 
But P is invariant also in B;, which is irreducible. As” 
before, P=B;. Hence each algebra B; is identical with 4 
One ofthe A, ...., Am 4 

For further theorems on reducible algebras, see 
Appendix III. | : | 

25. Difference algebra. This abstract concept is | 
analogous to that of quotient-groups in the theory of © 
finite groups. To provide a preliminary illustration, — 
consider the (associative) algebra A over a field F with | 
the multiplication table 


Co as oy 
Uz Uz U2 Uz; Uy 
U2 U2 O ce) U2 
Uy i 2 Os Oe 
Uy Uy, —U2 Uz Uy 


The product ;u; is found in the body of the table at the — 
intersection of the line through the left-hand label u; and — 
the column having the label u; at its top. For example, — 
UM,=U2, Ul2=—U>z. It has the invariant sub-algebra — 
B= (ts, U;). | 

To each number x=£4,+ .... +&u, of A we | 
make correspond the number «’=&v,+&v, of the — 
(associative) algebra a 


Dx (9; , v,): w=,, 1:0,= U4, U,01=,, V4; = 01, 


* By § 23 with B =B,, b, xy=bx-y. Let x and y be any elements | 
of A;, whose modulus is a; Hence the foregoing formula gives b+ a;(xy) 
=b,(a;t) « y and hence also bya, « + xy=(bja;)a + y. But b,0,=4;b, is the 
modulus of P. This proves tie first iéemule (2) for alvaben A;. The © 
other two follow similarly. ! 
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) over the same field F. To the sum of any two numbers 
1x2 and y=mu.+ .... +n, of A evidently corre- 
sponds the sum of their corresponding numbers x’ and 
| y’ =n: +n, of D. To px, where p is in F, corre- 
sponds px’. To ! 


| vy = (&:ni+ Eyn4)Ux+ (Ent Eom t+ §294— E.n2)Ua 
+ (En3+ &3m+ E3ny+ E4n3)Us+ (Emgt+ Eyn1)Ug 


corresponds 


(&mi+ Esa) Vr (Exmyt E41) 04 = ee 


‘Hence our correspondence (which amounts to suppressing 
all scalar multiples of the units u, and u, of B) is pre- 
served under addition, scalar multiplication, and multi- 
_ plication. 
The algebra D so determined by A and B is called 
their difference algebra and is designated by A —B. 
Next, let us employ, in place of B, the algebra 
S=(u,, U2), over F, which is not invariant in A since 
“U3; =u; is notin S. To « we now make correspond the 
number x, =£,w;+£&,w, of the algebra 


cae ‘ yok a = yan 
z D,= (ws, ws): W3=0, W3W4=W3, WiW3=W3, Wy=O, 


so that in effect we suppress all scalar multiples of the 
units uw, and uw, of S. To xy now corresponds 


(Ernst sms E5m4t Eqns) 3+ (Exmgt Eqns) 


which is not equal to %ovo=(&3n,+&n;)w;, so that the 
correspondence is not preserved under multiplication. 
_ Nor is D, an associative algebra since 


W3W;=0 ’ W3W, 4 W,=W3W,4=W3 . 
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To treat the general case, let B be a linear set of | 
elements of an algebra A over a field F. Two elements | 
x and y of A are called congruent or incongruent with i 
respect to B as modulus (or briefly, modulo B), according © 
as x—y is or is not an element of B. In the respective © 
cases, we write i 


x=y (mod B), xy (mod B). 
If x=y and x=z (mod B), then 
y—a=—(e—y), y—s=(x—2)—(*—) 


are elements of B, so that y=x, y=z (mod B). The | 
first shows that the members of a congruence may be | 
interchanged. The second shows that all those elements _ 
of A which are congruent to a given element x modulo B 
are congruent to each other; they are said to form a 1 
class [x] modulo B. Hence all elements of A may be | 
distributed into non-overlapping classes modulo B. | 
If a is any number of F, and if x=y, «’=y’ (mod B), © 
then H) 


ax=xa=ay=ya, x«+x'=y+y’ (mod B). 


Hence the product, in either order, of a and any element — 
y of the class [x] is in the class [ax]=[xa], while the | 
sum of any element y of class [x] and any element y’ of | 
class [x’] is in the class [v-+«’]. Accordingly, we define © 
the scalar product a|x]=[«]a of the number'a of F and — 
the class [x] to be the class [ax], and define the sum of the — 
classes [x] and [x’] to be the class [x+.’]. Hence the 
linear function Ya,|x;| of the classes [x;] with coefficients 
a; in F is the class [Zaj;a;]. 

Let T be a linear set supplementary to B in A, so’ 
that TA~AB=o and every element a of A is expressible 
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in one and only one way as a sum of an element 0 of B 
} and an element / of T (§§ 16, 17). If also a,=0,+4, 
) and if a=a, (mod B), then ¢=¢, (mod B), and t—# is 
’ common to B and J and hence is zero. Hence if a=b+i 
} and a,=b,+#, are in the same class, /=/,. Thus there is 
a (1, 1) correspondence between the classes of A modulo 
_ B and the elements of 7. 

If a;=0;+1;, where 6; is in B and ¢; is in 7, the class 
Ya;{a;| corresponds to Zaj; in T. The number of 
linearly independent ¢; is n—m if B is of order m and A 
is of order m. Hence we may select ~—™m classes of A 
modulo B such that every class of A modulo B is expres- 
sible in one and only one way as a linear function of 
those n—m classes with coefficients in F. 

We now assume that B is an invariant sub-algebra of 
A. Again let x=y, x’=y’ (mod B), whence y=x+, 
y’=x'+)’, where 6 and 0’ are elements of B. Then 


yy’ =xx'+xb’+by’=xx’' (mod B), 


since xb’ and by’ are elements of the invariant sub- 
algebra B of A, whence their sum is in B. Hence the 
product of any element y of class [x] by any element y’ 
of class [x’] is an element of the class [x«’]. Accordingly, 
we define the product [x] [x’] of the class [x] by the class 
[x’] to be the class [xx’]. 3 

THEOREM 1. If B is an invariant proper sub-algebra 
of order m of an algebra A of order n over a field F, the 
classes of A modulo B are the elements of an algebra of 
order n—m over F when addition, scalar multiplication, and 
multiplication of classes |x| are defined by 


[x]+[x’]=[«+2'], alx]=[xJa=[ox],  [x][x']=[xx'], ain F, 
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For, scevalite I-IV of § 4 are seen to hold, and, as j 
shown above, n—™m classes serve as a finite basis. 


Al 
4 
The resulting algebra of classes is called the difference | 
algebra A—B, and also the algebra complementary to | 
Bin A. Evidently A—B is an associative — i 
when A is one. | 
Let ZT be any linear set supplementary to B in Aa : 
We saw above that the elements of 7 are in (1, ot | 
correspondence with the classes of A modulo B, and this | 
correspondence is preserved under addition and scalar 
multiplication, but not in general under multiplication | 
since J need not be closed under multiplication. How- | 
ever, we may regard the elements of 7 as the elements of | 
an algebra 7” in which addition and scalar multiplication © 
are defined as in 7, while the product in 7’ of any two | 
elements « and y of J” (i.e., the same elements of 7) is © 
defined to be the element of ZT which belongs to the 
class modulo B containing the product in A of x and y. 
This algebra 7’ is therefore equivalent to A—B and is ~ 
said to be obtained by taking JT modulo B. Since 1 
A=B-+T, this amounts to taking A modulo B. | 
In our introductory example, A=(u;, u2, U3, U4), — 
B=(u2, u;). Then T=(u,, u,) is supplementary to B | 
in A. By chance, T is itself an algebra and plays the 
réle of T’. Thus A —B is equivalent to T, as is implied — 
in the discussion of the example. As a generalization 
of this example, we have the following 
THEOREM 2. If A ts the direct sum of algebras Band T, 
then T is equivalent to A—B, and B is equivalent to A—T. — 
For, BA=B(B+T)=B°sB, AB=B’°SB, so that 
B (and similarly 7) is an invariant sub-algebra of A. — 
Moreover, the product (in A) of any two elements x and © 


as nee SR ioe 


§ 26] INVARIANT SUB-ALGEBRAS AI 


y of T is in the sub-algebra T, which therefore plays the 
role of T’ above. 

A better illustration of T’ is furnished by the associa- 
tive algebra : 


A = (th, U2, U3): UU; = UjU;y =U; (4=1, 2, 3), 
UU;=U;U2z=U;=0, Uz=U;. 


Then B=(u,) is evidently invariant in A. The simplest 
T is (u,, uz), which is not an algebra since w2=u,;. Then 
T’ =(v,, V2), where 


U0;=0j;=0; (fJ=1,2), =o, 


the final equation replacing u3=u,; when we take T 


_ modulo B=(u;). 


26. Theorem. Jf B, and B, are invariant proper 
sub-algebras of A and if B,<B,, then A—B, contains an 
invariant proper sub-algebra which is equivalent to B,—B,. 

For, B, is evidently invariant in B, Elements of 
B, congruent modulo B, are elements of A congruent 
modulo B,, whence each class of B, modulo B, is con- 
tained in a unique class of A modulo B,. Hence those 
classes of A modulo B, which contain the various classes 
of B, modulo B, constitute (in A—B,) a proper sub- 
algebra S equivalent to B,—B,. 

To prove that S is invariant in A —B,, let x and y be 
any elements of A and B,, respectively. Then xy and yx 
are elements of B, since it is invariant in A. Passing to 
the corresponding classes [x] and [y] of A modulo B,, we 
see that [x] is an element of A—B,, and that [y], [x] [y], 


and [y] [x] are elements of S, whence S is invariant in 
/_A-—B,. 
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27. We next prove the converse of the last theorem: 
TuEorEM. If B, and S are invariant proper sub- 
algebras of A and A—B,, respectively, then A has an 
invariant proper sub-algebra B, such that B,<B, and | 


B,—B, is equivalent to S. 


For, all those elements x of A which belong to — 
classes [x], of A modulo B,, giving elements of S constitute | 
a sub-algebra B, of A. Since S is a proper sub-algebra | 
of A—B,, B,<A. Since [o]=B., we have B,<B,. | 
If [x] is an element of S, and [y] is an element of A—B,, | 
the invariance of S in A—B, shows that [xy] and [ya] | 
are elements of S. Hence if x is in B,, and y is in A, | 
then xy and yx are in B,, which is therefore invariant | 


in A. 


28. Simple algebras. An algebra having no invari- — 
ant proper sub-algebra is called semple. Every algebra 


of order 1 is simple since it has no proper sub-algebra. 
The theorem of § 26 evidently implies 


CoROLLARY 1. If B, is an tnvariant proper sub- | 
algebra of A and 1f A—B, is simple, then B, is a maximal | 


invariant proper sub-algebra of A. 

We readily prove the converse: 

CoROLLARY 2. If B, is a maximal invariant proper 
sub-algebra of A, then A—B, 1s simple. 

For, if A —B, were not simple, it would have an invari- 
ant proper sub-algebra S and, by the theorem of § 27, 
A would have an invariant proper sub-algebra B,>B,, 
whereas B, is maximal. 


CHAPTER IV 


NILPOTENT AND SEMI-SIMPLE ALGEBRAS; 
IDEMPOTENT ELEMENTS 


We shall develop here the properties of important 
special types of algebras which play leading réles in the 
theory of general algebras. That theory depends also 
upon a knowledge of the properties of various kinds of 
idempotent elements each of which is equal to its own 
square. 

29. Index. If A is any associative* algebra, A?< A, 
whence A-A?<A-A, or A3SA?, and similarly A***< A* 
for every positive integer k. If the inequality sign held 
for every k, the orders of A, A?, A3,  ... would form 
an infinite series of decreasing positive integers. Hence 
there exists a least positive integer a such that A*** =A’, 
and therefore 


AS oa.) 65.6 SATIS AS. Ale oe 
This a is called the zndex of A. 
For example, consider the associative algebra, 
A = (4, , Ua): U2 = UU, = UU, = U2 = Bu, 


over a field F containing 6. If Bo, A?=(u) =A; 
if B=o0, A?=0=A3. In either case, A> A?, and A is of 


index 2. 


30. Nilpotent algebras. If A*=o, A is called mi- 
potent. In particular, if A?=0, A is called a zero algebra; 
the product of any two of its elements is zero. 


* Henceforth in the book, multiplication is assumed to be associative, 


unless the contrary is expressly stated. 


43 


44 NILPOTENT AND SEMI-SIMPLE _[cuap. 1¥ 


The algebra in the preceding example is nilpotent if 
and only if S=o. The algebra 


B=(g,, 2): >= 9,, 0,0; 9.0, %=0 


is nilpotent and of index 3. | 

THEOREM. [If an algebra A has a maximal nilpotent 
invariant sub-algebra N, every nilpotent invariant sub 4 
algebra N, of A is contained in N. | 

For, by Theorem 1 of § 20, N+N, is an invariant} 
sub-algebra of A. To prove that it is nilpotent, let) 
N, denote the intersection of N and N,, and let P be) 
any product formed of two or more factors NV and N,, 
but not a power of either. Since W is invariant in A | 
and occurs as a factor of P, we have PSN. Similarly, 
P<N,. Hence PSN,. Thus | 


(N+N,)*SN*4+Ni4+N,, aZz2. 


If a is the greater of the indices of the nilpotent algebras] 
N and N,, we have | 


N*=Ne=0, (N+N,)*<N., (N+N)*S negnel 


so that V+N, is nilpotent. It was seen to be invariant 
in A. But WN is a maximal nilpotent invariant sub- 
algebra of A. Hence NV, SN. H 

31. Idempotent elements. An element eo sucht i 
that e?=e is called idempotent. Since every power of e 
reduces to e, e is not nilpotent. In an algebra having a 
modulus m, m is idempotent. 7 

THEOREM. Lvery algebra P which is not niipoing 
contains an idempotent element. q 

Let a denote the index of P, so that A=P*Xo, q 
P*+:=P*, Thus A?=A. Since every number of algebra 
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A is in P, the theorem will follow if we prove that A 
‘contains an idempotent element. We shall establish 
this by induction, assuming that every non-nilpotent 
algebra whose order is less than the order of A contains 
an idempotent element. Note that the theorem holds 
when FP is of order 1 since P is then composed of the 
scalar products of an element u such that uw? = Bu, Bo, 
whence u/@ is idempotent. 

_ First, let A contain an element a such that Aa=A. 
Then every element y of A is in Aa and is therefore 
expressible as a product za of an element z of A by a 
and, in fact, in a single way. For, if also y=2’a, then 
'(s—2’)a=0, whence z—z’=o by the converse of the 
‘lemma in § 18 with s=a, x=z—3’, T=A. 

_ In particular, the element a of A is expressible in a 
‘single way in the form wa, where w is in A and wo. 
‘Since wa=w-wa, a=wa and hence w?=w. Hence A 
contains the idempotent element w. 

_ Second, let A contain no element a such that Aa=4, 
' whence Ax<A forevery xin A. Fora fixed x, Aw is an 
palgebra since 


Ax: Ax=AxA -xSAx. 


If Ax is not nilpotent, it contains an idempotent element 
e by the assumption for the induction, and e belongs to A. 

Finally, let Ax be nilpotent for every xin A. Hence 
-(Ax)'=o for 1 sufficiently large. From A?=A, we see 
; py induction on k that 


(AxA)t¥=(Ax)tA, 


“lista a 
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weston : 


dently invariant in A. Hence by the theorem in § 30, } 
AxA<WN, where WN is the maximal nilpotent invariant 
sub-algebra of A. When x ranges over all elements of 
A, the totality of elements in the algebras AxA consti- 
tutes A3=A. Hence A SN, whereas A is not nilpotent. 
Since our final case is excluded, the theorem is proved. 
COROLLARY. Ax algebra is nilpotent if all its elements 
are nilpotent. 
32. Properly nilpotent elements. Let A _ be aul 
algebra with a (unique, § 30) maximal nilpotent invari-. 
ant sub-algebra V. If ais in N, ax and xa are in N and 
hence are nilpotent for every « in A, since WV is invariant. 
We shall call an element ao of A properly nilpotent 
in A if ax and xa are nilpotent for every xin A. Taking 
x =a, we see that a? and hence a itself is nilpotent. As 
noted above, all elements 0 of WN are properly nilpotent 
in A. | 
But not every nilpotent element is properly nilpotenta} 
For, if 


‘TOG ft.f rh ae 
o=(; 3) =(5 ) mat 5) 


then a =o and ais nilpotent. But ax=p, and, for @=1, 
p?=pxo, so that p is idempotent. Hence ax is not 
nilpotent for every x. Thus a is nilpotent, but not 
properly nilpotent, in the algebra* of all two-rowed 
matrices. | 

If ax is nilpotent, there exists a positive integer 7 
such that 


(ax)'=0, (va)'t!=%(ax)'a=0, 


*Tt is simple (§ 52) and hence, by the theorem of this section, has — 

yao properly nilpotent element. By means of the quadratic equation — ; 

(§ 59) w?—(a+6)w+asd—By=o satisfied by x, it follows that x is nil-j 
potent if and only if its determinant is zero and a+é6=o. 
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‘whence also xa is nilpotent, and conversely. Hence 
-an element ao is properly nilpotent in A if either ax 
or xa is nilpotent for every x in A. 

THEOREM. Ax algebra A contains properly nilpotent 
elements if and only if it possesses a maximal nilpotent 
-imvariant sub-algebra N, and then the properly nilpotent 
elements of A coincide with the elements 4o of N. 
| The proof falls into four steps. 

i) If @ is properly nilpotent in A, and if 6 is any 
element of A, then each of ba and a is o or properly 
nilpotent in oe 

For, if x is any element of A,x + ba= ia and ab+ x= 
a(bx) are nilpotent by the definition of a. Hence ba 
and ab are o or properly nilpotent. 
| 


ii) If @ is properly nilpotent in A, and if b and c 
are any elements of A, then bac belongs to N. 

For, suppose that bac is not zero and hence is properly 
nilpotent by (i). Then AaA is not zero and is evidently 
an invariant sub-algebra of A. Since AaA is also nil- 
potent, it is contained in N by the theorem of § 30. 

iii) If a and 6 are properly nilpotent in A, then a+d 
is o or properly nilpotent. 

For, let a+d#o. Since 


(a+b)3=a3+ aba+ ba?+ b2a+a7b-+ ab?+ bab+b3 


is a sum of elements belonging to NW by (ii), (a+8)$ is in 
N. Thus a+0 is nilpotent. Next, let z be any element 
of A. By (i), each of az and 62 is o or properly nilpotent. 
Hence their sum (a+0)z is o or nilpotent by the result 
just proved. By definition, a+ is properly nilpotent. 
iv) In view of (i) and (iii) and the evident fact tha: 
any scalar product of any properly nilpotent element is o 
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or properly nilpotent, it follows that, if an algebra A. 
possesses properly nilpotent elements, the totality of 
them, together with o, constitute a sub-algebra which 
is nilpotent and invariant in A. It is contained in N | 
by the theorem of §30. It coincides with N since we 
noted above that all elements 4~o of MW are properlil 
nilpotent. 
33. Decomposition relative to an idempotent element. 

Let A be an algebra containing at least one idempotent 
element e. Write 


Ny =L—ex—xe+exe , Xe=ex—exe , X3=xe—exe, 
I=2-;, B= X(ex—xe) , 


where the summations extend over all elements x of A. 
Then | 


eB= =x, Be=X(—%3) = 243, eAe= exe, 


% 
= 
, 


£ 
(1) el=0, Ie=o,, eBe=o. 


x= a,-o,-ba,-bexe ; ‘ 
(2) | A =I+eB+Be+ede, , 


where those of these four linear sets which are not ZerO | 
are supplementary in theirsum A. For, if 


x=a+tb+c+d, 


where a, b, c, d are elements of I, eB, Be, eAe, respectively, — 
we see from (1) that ex=b+d, xe=c+d, exe=d, whence _ | 
d=exe, C=x;, b=x.,, a=x,, and are uniquely cco 
by x. , 


Pa ee ere 
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Hence xe=o implies c=d=0, x=a+0. Thus 
R=I +eB is composed of all those elements x of A for 
which xe=o. Similarly, L=/+ Be is composed of all 
those elements y of A for which ey=o. We express 
these results by 


Me) R=I+eB, Re=o, L=J+Be, eL=o. 
| Evidently eR=eB, Le=Be. Hence (2) implies 
(4) A=I+eR+Le+eAe, 
which is called the decomposition of A relative to the idem- 
potent element e. 

Note that J is the intersection of R and L, being 
composed of all those elements x of A for which both 


ex=o and xe=o. We shall call J the part of A annihi- 
laied by e. By (2), 


Ae=BetedAe, eA=eB+eAe, 


| 


whence 
(5) A=R+Ae, A=L+eA. 


34. Principal idempotent elements. An idempotent 

element e of an algebra A is called a principal idempotent 
(for A) if there does not exist in A an idempotent u 
such that ea=ue=o. In other words, e is a principal 
idempotent for A if and only if the part J annihilated 
by e has no idempotent element and hence (§ 31) if 
and only if J is o or a nilpotent algebra. 
If A has a modulus m, evidently m is a principal 
idempotent of A, and is the only one. For, if e were a 
principal idempotent #m, then u=m—e is idempotent 
and eu=ue=o, whence e would not be principal. 


4 
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THEOREM. If an algebra A contains an idempotent|| 
element e, either e is a princtpal idempotent or A contains | 
at least one principal idempotent element e+-u, where u is” | 
idempotent and eu=o= ue. | 

For, if e is not principal, we have (4), where I con- | 
tains an idempotent ~ which (like every element of J) | 
has the property ew=ue=o. Then e’=e+u is idem- 
potent since , 4 


e?=e+eutuetw=etu=e’, ee’=e?=e, eo. 


Let I’ be the part of A annihilated by e’. If I’ is o or 
nilpotent, e’ is the desired principal idempotent for A. | 
In the contrary case, gwe repeat the discussion with e’ | 
in place of e. The process terminates since J>I'>I’” — 


. For, if w is any element of I’, we’ =e'w=o by the | 
definition of J’. Then | 


o=we'-e=wetuje=we, o=e-e'w=ew, 


so that wisin J. Also, w is in J, but is not in J’ since | 
ue’ =u x0. ; 

35. Lemma. Jf e is a principal idempotent element — 
of A, every element Xo of I, L, and R in (4) is properly — 
nilpotent. | 

By (3), each element of LR is annihilated by e and © 
hence belongs to J. Since e is a principal idempotent, — 
I is o or nilpotent. Hence there exists a positive © 
integer k such that 


(LR)t=0,  (RL)#+t*=R(LR)'‘L=o, d 


so that also RL is o or nilpotent. 
Since R is composed of all those elements of A for 
which Re=o, we have AR-e=o, whence ARSR, 


ea ee ee ee ee 
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~-RLSRL. Similarly, ZASL, RL» ASRL. Hence 
RL is o or a nilpotent invariant sub-algebra of A. By 
(5) and (3), 


AL=RL+A -eL=RL, RA=RL+Re-A=RL. 


‘Hence AL and RA, like RL, are o or nilpotent, so that 
each element of L aed R is o or properly nilpotent. The 
‘same is true of their intersection J. 

| Now ARSR implies eRSR. Similarly, LeSL. 
This proves the 

- Corottary. If e is a principal idempotent element, 
‘each element of the first three paris I, eR, Le of (4) ts zero 
or properly nilpotent. If all are zero, A=eAe has the 
modulus e. 

36. Theorem. Every algebra without a modulus 
has a nilpotent invariant sub-algebra. 

Let A be an algebra which is not nilpotent. By 
$31, A contains an idempotent element and _ hence, 
by $34, contains a principal idempotent element e. 
By the preceding corollary, either e is a modulus for A, 
or A contains properly nilpotent elements and therefore 
(§ 32) has a nilpotent invariant sub-algebra. } 
37. Semi-simple algebras. An algebra having’ no 
nilpotent invariant proper sub-algebra is called semi- 

simple. Hence (§ 28) a simple algebra is semi-simple. 

For example, a direct sum of two or more simple 
algebras A;, no one being a zero algebra of order 1, is 
not simple since each A; is invariant, but i is semi- iupee 
(§ 40). 

| Consider a semi- -simple algebra A ich is nilpotent. 
If the index of A exceeds 2, then A >A? # o, and A’? isa 
nilpotent invariant proper sub-algebra of A, whereas A 
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is semi-simple. Hence A is a zero algebra (i.e., A?=0). | 
Then any element ao of A determines a nilpotent | 
invariant sub-algebra (a) of order 1. Since the latter. 
is not a proper sub-algebra, it coincides with A, which is | 
therefore of order 1. a 

THEOREM 1. A semi-simple algebra is nilpotent if | 
and only if it is a zero algebra of order t. ; 

Consider a semi-simple algebra A without a modulus ‘| 
By § 36, it has a nilpotent invariant sub-algebra, which | 
is not proper and hence coincides with A. Hence the | 
preceding theorem yields : | 

THEOREM 2. Any semi-simple algebra has a modulus | 
unless it is a zero algebra of order t. A 

38. Theorem. If an algebra A 1s neither semi- -simple i 
nor nilpotent, and tf N 1s the maximal nilpotent invariant 
sub-algebra of A, then A—N is semi-simple and has a 
modulus. 

For, suppose A —W has a nilpotent invariant proper | 1 
sub-algebra S of index o. By § 27 (with WN in place of | | 
B,), A then has an invariant proper sub-algebra B, >N" 
such that B,—W is equivalent to S and hence is nilpotent | 
and of index o. We recall that the elements of A—N a 
are the classes [x] modulo N, each determined by an — 
element x of A. In particular, let 6 be an element of 
B,. Then class [0] is in B,—N, whence [0]? =[b7]=[ol, — 
so that bis in N. Leta be the index of the nilpotent 
algebra NV. Then 67*=o, and B, is nilpotent, ae: : 
to the definition of V. j 

If A—WN has no modulus, it is a zero algebra Z of ; 
order 1 (§ 37), whence Z?=o0. ‘Then, if x be any element — 
of A, [x?]=[x]?=[o], so that «? and hence also x would ; 
be salt: whereas A is not nilpotent. ‘ 
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39. Theorem. A semi-simple algebra A, which is 


not simple, is reducible. 


For, A has an invariant proper sub-algebra B and has 


-a modulus by Theorem 2 of § 37. Hence AB=B=BA. 


Suppose that B has a nilpotent invariant sub-algebra 
I=B<A. Evidently BIB is invariant in A; it is a 
proper sub-algebra since BJBSIBSI. Thus BIB is o 
or nilpotent. But A is semi-simple and has no nilpotent 
invariant proper sub-algebra. Hence BJB=o. 

Since A has a modulus, AJA is not zero and is evi- 
dently invariant in A. Also, AJASABA=BA=B<A. 
Thus 


(AIA)3=AIA - 1+ AIASBIB=o. 


Hence AJA is a nilpotent invariant proper sub-algebra 
of A, whereas A is semi-simple. ‘This contradiction 
proves that B has no nilpotent invariant sub-algebra 
and (§ 36) hence has a modulus. Our theorem now 
follows from § 22. 

40. Theorem. A semi-simple algebra A, which 1s 
not simple, 1s a direct sum of simple algebras no one a 
zero algebra of order 1, and conversely. 

For, A has a modulus and by 8§ 39, 24 is a direct 


sum of irreducible algebras A; each having a modulus 


. 
| 


(and hence not a zero algebra of order 1). By the proof 
in §39 with B=A;, A; is semi-simple. Since A; is 
irreducible, it is simple (§ 39). 

Conversely, if each A; is simple and is not a zero 


algebra of order 1, then A=A,@A.®@ .... is semi- 


simple. For, if J is an invariant sub-algebra of A, then 


| 
j 
| 


| 
Y 


¥=/,01,0 ...., where J;2A;. Since 


Aba AgToA Do Oc ee, 
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we have A,J;<J;.. Similarly, 7;4;$J;. Hence J; is’ 
invariant in the simple algebra A; and hence is zero or Aj. 
Let J be nilpotent and of index a. Then o=J*=2ZJ¢. 
Hence each J; is nilpotent, while A; is not. Thus J=o. 

41. Theorem. If e is an idempotent element of a 
semi-simple algebra A, then eAe is semi-simple. : 

Since (eAe)?=e- AeA - eXeAe, eAe is an algebra con- ] 
taining eee=e, which is a modulus of it. Suppose it is 
not semi-simple, but has a nilpotent invariant (proper) | 
sub-algebra NV. Since JW is invariant in eAe, which has | 
the modulus e, V:ede=N. Hence | 


NAN=Ne-A-eN=NeAe-N=N?, 1 
~NtAN=N'-!-NAN=N't!, 


Since A has a modulus by Theorem 2 of § 37, A?=A. 4 
Thus | 


(ANA)=ANANA=AN2A , 
(ANA=A+-N?AN-A=ANSA, 


and, by induction, (ANA)’=AN'A. Since N is nil- 7 
potent, we see that, for 7 sufficiently large, (AN A)’ =o. q 
Since A has a modulus, ANA contains WV and hence is — | 
not zero. Thus ANA is a nilpotent invariant sub- - 
algebra of A. ‘This is impossible, since A is semi-simple | 
and not nilpotent. 

Corotiary. If A is simple, also eAe 1s simple. ) 

For, if NV is invariant in eAe, which has the modulus e, — 


eANAe=cAe-N - eAeezN<eAe, ANA<A. 


Thus AWA is an invariant proper sub-algebra of A, | 
which is impossible since A is simple. ? ! 
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42. Primitive idempotent elements. An idempotent 
element e of an algebra A is called primitive if there 


exists in A no idempotent element u(u+e) for which 
| eu=u=UE. 


LemMA. An idempotent element e of A is primi- 


“tive if and only tf eAe contains no idempotent element 
| ae 


For, if «=eaee is idempotent, where a is in A, then 
eu=u=ue, so that e is not primitive for A. Conversely, 
if ¢ is not primitive, so that A contains an idempotent 
element ue such that ew=ue=u, then eAe contains 
the idempotent element eve=u4e. 

For example, let A =(u,, u.), where w2=u,, w2=U,, 


Uu,=O0=UU;. If au,+ Bu, is idempotent, it is equal to 


its square a?u,+(6?u., whence a=o or 1, B=o or I. 
Hence the only idempotent elements are u,, u, and the 
modulus m=u,+u, of A. Now m is not primitive, since 
A contains idempotent elements u;4m having m as 
modulus (or since mAm=A has idempotent elements 
u;~m). But u, is primitive, since u.u,=oFU,, uwmM= 
u;~m [or since u,Au,; = (u,) has no idempotent except %]. — 
Similarly, uw, is primitive. By § 34, m is the only princi- 
pal idempotent. 

THEOREM 1. If an algebra A contains an idempotent 
element, 1t contains at least one primitive. idempotent 
element. 

For, if A contains an idempotent element e which is 
not primitive, the lemma shows that eAe contains an 


idempotent element ue. Since e is a modulus for 


eAe, eu=ue=u, whence 


uAu=e+uAu-eseAe. 
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Here the equality sign is excluded since / 
u(e—u)u=(u—u)u=o, UuAU<A, 


by Lemma 3 of $18. Also, uAuxo since oy ee j 
Hence uAu is a proper sub-algebra of eAe. : 

If the idempotent element u of A is not primitive, — 
the lemma shows that uAu contains an idempotent ele- © 
ment vu such that (by the preceding argument) — 
vAv is a proper sub-algebra of wAu. Since the orders ’ 
of the algebras eAe, uAu, vAv,... . form a series of — 
decreasing positive integers, the process terminates and — 
leads to a primitive idempotent element of A. 

In the preceding example, m is not primitive, but is 
the sum of two primitive idempotent elements u, and u2_ 
such that u#,=o=u,u;. This illustrates the following — 

THEOREM 2. A non-primitive idempotent element e— 
of A is a sum of primitive idempotent elements whose 
products in pairs are all zero. ; 

For, by the proof of Theorem 1, P=eAe contains i 
an idempotent element e, which is primitive for A, | 
4 
{ 


gaits Bi as 


whence e;~e. Note that e=e is in P and is a modulus 
- P, Thus d=e—e, is in P and de,=o, ed=o. Since ¥ 
=(e—e,)d=d, d is idempotent. Also, dAd<P by 
. proof of Theorem 1 with w replaced by d. If d 
(like e,) is primitive for A, the theorem is proved, since — 
e=e,+d, e,d=de,=0. 
But if d is not primitive for A, a repetition of the 
argument shows that dAd contains an idempotent 
element e, which is primitive for A, such that d,=d—e, 
is idempotent, d,e,=o=e,d,, and d,Ad,<dAd<P. Thus — 
e=é,+e,+d,. Multiplying this on the right and left by | 
d, and e, in turn and recalling that d, and e, are in P, which 
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_ has e as a modulus, we find that d,=e,d,+d? or e,d;=0, 

: dr€; =O, €2€; =O, €€2=0. Hence all products of e,, e2, d, in 

_ pairs are zero. If d, (like e, and e,) is primitive for A, 

- the theorem is proved. 

| If d, is not primitive for A, we argue with d, as we 

did with d. But the series of algebras eAe, dAd, 

d,Ad,, . . . . of decreasing orders must terminate. 

Remark. lf u,...., Up are p22 idempotent 
elements all of whose products in pairs are zero, their 

sum s is idempotent, but not primitive. For, each 4; 

has s as a modulus and is distinct from s, since 4=s 

- implies o= uj; = u;s = u;(t #7). 

THEOREM 3. If u,,.... , Uy (¢S1) are primitive 
idempotent elements of A all of whose products m pairs 
are zero, and if e=Xu; is not a principal idempotent 
element of A, there exists in A a principal 1tdempotent 
element which is the sum of more than t primitive 1dem- 
potent elements all of whose products in pairs are zero. 

For, by the theorem of § 34, A contains a principal 
idempotent element e+v, where v is idempotent and 
ev=ve=o. Evidently euj=uj;=uje, whence u;=euje 
is in the algebra eAe. But v-eAe=ve-Ae=o and simi- 
larly eAe-v=o, whence vu4;=o=4,v. Hence the theorem 
is proved if v is primitive. In the contrary case, we 

_ know by Theorem 2 that v=v,+ .... +2, where 

V;, .. ++, %(r>1) are primitive idempotent elements 

of A all of whose products in pairs are zero. Evidently 

VV =0;=v2;, whence v;=vv;v is in the algebra vAv. But 

u;-vAv=0, vAv-uj;=0, since u4jv=Oo=vu;. Hence uj,v;=0, - 

UjUj =O. 

By combining the case ¢=1 of this theorem with 

Theorem 1, we obtain the important 
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COROLLARY. Every algebra which is not nilpotent : 
contains a principal idempotent element which is etther ] 
primitive or a sum of primitive idempotent elements all 
of whose products in pairs are zero. | 

For the example above, m is a principal idempotent 
element and is not primitive, but is the sum of the primi- 7 
tives u, and ,, for which u,v,=0=U.%;. For the algebra | 
(1,7) over the field of reals, e?=e implies e=o or 1, | 
whence 1 is the only idempotent and it is therefore | 
both principal and primitive. al 


CHAPIER. V 


DIVISION ALGEBRAS 


_. It was proved in § 11 that the algebra of real quater- 
nions has the property that each of the two kinds of 
division (except by zero) is always possible and unique. 

_ Algebras having this property are called division algebras; 
they play a leading réle in the general theory of algebras 
as well as in their arithmetics. We shall prove very 
simply that the only division algebras over the field 
of all real numbers are that field, the field of complex 
numbers, and the algebra of real quaternions. We shall 
also exhibit a remarkable division algebra of order n? 
over any field. 

43. Criteria for a division algebra. An algebra A 
with a modulus e is called a division algebra if every 

_ element ao has in A both a right-hand inverse and a 
left-hand inverse, viz., elements x and y of A such that 
ax=e, ya=e. By Theorem 5, y=%2. 

: As noted above, the algebra of real quaternions is a 

division algebra. The same is true of the algebra (e) 
of order 1 over any field F/, where e’?=e, since -either 
inverse of a=ae is a~'e if a is any number +o of F. 

_ Tueorem tr. If an algebra A has a single idempotent 
element e, an element aXo, which does not have a right- 
hand (or left-hand) inverse with respect to e, is properly 
nilpotent. 

| For, the linear set aA (or Aa) is o or a sub-algebra 

of A not containing e, since no element « makes ax=e 
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(or xa=e), and hence has no idempotent element and_ 
is nilpotent (§ 31). Thus a is properly nilpotent (§ 32). 
THEOREM 2. If A has a single 1dempotent element e 
and no properly nilpotent element, then A is a division 
algebra with the modulus e. { 
For, the unique idempotent element e is a principal — 
idempotent by definition (§ 34). Thus e is the modulus — 
of A by the corollary in § 35. Hence A is a division 7 
algebra by Theorem 1. 
THEOREM 3. If e 1s a primitive element of a semi- : 
simple algebra A, then P=eAe 1s a division algebra. 
For, by the lemma in § 42, P has no idempotent ele-_ 
ment +e, while P is semi-simple ($41). Hence P is a 
division algebra by Theorem 2. 
Since P=A if e is the modulus of A, we deduce 
CoroLtaryi. ILfasemi-simple algebra has a modulus, — 
‘but has no further idempotent element, it is a division — 
algebra. 1 
If x40, y¥o, and xy=o, x and y are called divisors © 

of zero, x being a left-hand divisor and y a right-hand — 
divisor of zero. ‘This is illustrated by the matrices 


eaia ) -(? - pe be °) =o 
TeeeeP > \o-0/? 7 NG bp 


TuHeorEM 4. If A is a division algebra, it contains no — 
divisors of zero, and conversely. 
First, if a division algebra A, with the modulus e, 1 
contained elements x0, yo such that xy=o, there — 
would exist an element z of A for which | 


ye=e, O=xXy+Z=xX+ yo=xNeE=xX. 


Conversely, let an algebra A contain no divisor of : 
zero. Then A contains no nilpotent element x#o, ~ 
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ince x*=o and x*-'~o imply x-x*"*=o. Hence 

'(§ 36) A has a modulus m. If A contains another idem- 

fi otent element e, the product of e by m-—e is zero, 
while each factor is not zero. Thus A is a division 
‘algebra by Theorem 2. 

| Corortary 2. A division algebra has no nilpotent 
‘element ~o and hence is semi-simple, and contains no 
idempotent element other than the modulus. 

| This is the converse of Corollary r. 

| CoROLLARY 3. Every sub-algebra of a division algebra 

(A is itself a division algebra whose modulus is that of A. 

| TueoreM 5. In a division algebra the two inverses 
of an element ao are identical. 

| For, ax=e implies x(ax)a=xea=xa, whence xa is 
equal to its square. If xa=0, o=(xa)x=xe=xXo. 
I! ence xa is idempotent, so that xa=e by Corollary 2. 
/This and ya=e imply (y—x)a=o, y—x =o. 

44. Polynomials in a single element x. Consider an 

identity 

1G) f(o)g(o) = plo) 

“between polynomials in an indeterminate w with coeffi- 

cients in a field F. If each polynomial lacks a constant 

/term (free of w), then (1) implies 

1) f(a)g(x) =p(x) 

)for every element x of an associative algebra A over F. 

\For, the term involving w* in f(w)g(w) is obtained by 

)multiplying the term in w’ of f(w) by the term w*~* of 

\g(w) and summing the products fori=1,...., R—1. 
By the associative law, x’x*-*=x*. Hence (1) implies (2). 

Next, let A have the modulus e. If 


f(w) =azyw’+ 2... tawta, 
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we shall write 


f(x) =agx*+ . » +a:x+aQe, 


in which the constant term a, of f(w) has been multiplied | 
by e in defining f(x). Under this convention, identity” 
(1) always implies (2). Fi 

Since «’x*=a°x" by the associative law, two poly- | q 
nomials in a single element x are commutative. 

45. Real division algebras. Let D be a division 
algebra of order 1 over the field ® of all real numbers. | 
Denote the modulus of D by 1. No discussion is needed | 
for the case m =1, since D is then equivalent to §. | 

By the dipoten 3 in §6, any +1 elements of D are | 
linearly dependent with respect to ®. In particular, 
if x is any element.of D, then 4,:248 7... 8. 2) are” 
dependent, so that x is a root of an subation p(w) =0- 
with real coefficients. By the fundamental theorem of 
algebra, p(w) is a product fi(w)f.(w) . . . . of linear or 
quadratic factors with real coefficients. Hence (§ “4 
f(x) f2(~) .. . . =0, so that at least one factor is zero 
by Theorem 4 of § 43. In case that factor is linear, its | 
square is quadratic. Hence every element of D is a | 
root of a quadratic equation with real coefficients. | 
Let t/¢@, .. . . 5 €e~: De & set of basal units of ZF 1 
Then | 


Git2pieitoi=o, (ei +pi)!’=pi— 94, 4 


oa 
; } 
ye 

“ 


where the p; and o; are real. Hence after adding a real © 
number to each e;, we may assume that the square of | 
each new unit e; is a real number. If the latter were 
=o, it would be the square of a real number aq;, alice 4 


o=¢; —aj = (e;—a;)(e;+a;) =o, e;==ka, 
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whereas the units 1 and e; are linearly independent. 
Hence ¢?=—(3?, where §; is real. Write E;=e;/8;. 
Then 4? = —1. 

If n=2, the algebra (1, £,) is equivalent to the field 
of all complex numbers. Henceforth, let »>2, and 
denote the basal units by 1,7, J, .... , where 


i (3) P=—1, Sid oat Fa eae rT EF 


Since J+J is a root of a real quadratic equation, 


(I4+- J = —24+1I+JI=aI+J +8, 
(I—J)*= —2-IJ—JI=y(I—J)+6, 


where a, 6, y, 6 are real numbers. Adding, we get 
(aty)I+(a—y)J+B+5+4=0. 


Thus a=y=o since J, J, 1 are linearly independent. 


_ Hence 


(4) IJ+JI=2, (I+J)*=2e-2, (I-J)*=—2—2, 


where € is areal number. Asabove, +2e—2<o0. Thus 
I—€ is positive and has a real square root. Write 


fag cee 
V 1-é 


i=I, 


Then 


P=—I, f=—t, ytj1=o. 


The product 7 is linearly independent of 1, 7, 7 and 
hence may be taken as the fourth unit &. For, if 


y=r\+yi+y,, 


we multiply by z on the left and get 


—j=N—ptv(A+ui+n7) , 
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whence —1=v*, whereas \, uw, vy were real. Then 
=k, ji=—k, B=ij(-—j)=?=—-1. 
By the associative law, 
ik=i-ij=—j, i= —ji-isy, 
hj=ij-j=—i,  jk=j(—ji)=i. 
We have now proved that 1, 7, 7, k are the units of 
the algebra Q of real quaternions (§ 11). 


Finally, let m>4. Then D contains a fifth unit J 
such that /? = —1 and, by the proof which led to (4), 


i+li=t, jlt+i=n, k+lk=t, 
where &, 7, ¢ are real numbers. Then 
: Ik=i + j= (£—il)j = £j—i(q—jl) = Ej — ni +H. 
Adding /k to each member, we get 
alk=tj—nits. 
Multiplying each term by & on the right, we get 
—a2l=ki-+nj+ék, 


whereas / is linearly independent of 1, 7, 7, R. 

THEOREM. The only division algebras over the field 
of all real numbers are that field, the field of all complex - 
numbers, and the algebra of real quaternions. , 

46. Derivation of division algebras from known ones. — 
For example, consider the field R(p) obtained by extend- 
ing the field R of all rational numbers by the adjunction — 
of a root p of a quadratic equation whose coefficients — 
belong to R and which is irreducible in R and has a real — 
root p. Then the algebra of quaternions over the real 
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| field R(p) is a division algebra which may be regarded 


as an algebra over RK with the eight basal units 
I, p, 2, 1p=pt, J, Jo=pj, k, kp=pk. 


In what precedes we may replace R by any sub-field 
S of the field of all real numbers for which there is a 
quadratic equation with coefficients in S, irreducible in 
S, and having a real root p._ If that equation is of degree 
r, we obtain a division algebra over S whose 4r basal 


Bunits are 1, p,....., p’* and their products by 


. i,j, and k. 


Similarly, from each division algebra of order n? 
obtained in the next section we may deduce division 
algebras of order rn’. 

47. Division algebras of order n?. We shall define 
a type of division algebras D of order n? over any field F 


-such that they, together with those derived from them 


by the process of § 46, give all known division algebras 


other than fields. 


By way of introduction, note that if € is one root of 
w*—sw+p=o0, the second root is 0(£)=s—é&, since the 
sum of the two roots is s. For the same reason, if we 
subtract the second root from s, we get the first root, 


~ whence 


9[0(£)] =0(s— 8) =s—(s—8)=E. 


_ The first member is denoted by @(£), a notation not to 


be confused with the square [6(£)}? of 6(&). 
As a generalization of the quadratic equation, con- 


_ sider an equation ¢(w) =o of degree 1, with coefficients in 


Bas 


a field F, having the roots 


» (5) — &, O(€), 6(E), (€)=0[6(8)], .. . . , On-*(8), 
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where 6(£) is a polynomial with coefficients in F such | 
that 6"(£)=£. Then if also ¢(w) is irreducible in F, we © 
shall call ¢(w) =o a cyclic equation in F. The case n=2 | 
was discussed above. A numerical example for 1=3 is 1 
furnished by (15) below. | | 

Consider the algebra* D over F with the 7? basal units Fi 


(6) sie eae CP Ato aga ERR os 5 

such that 

(7) d(z)=0, g[A(x)]=0,.... , G[O*—(x)]=0, O*(x) =x, 
(8) wy=ayilx),  =y (yan F). 


First, let ~=2, and let F be a field not having the | 
modulus 2. By adding to x a suitably chosen number of : | 
F, we may evidently assume that «?=6, where 4 is in F, | 
but is not the square of anumber of F. Then 6(x) = —x, | 
and ft | 
(9); D=(1,%,9,)*);  @=b, mye —ye,  PRy.. 

The linear functions of x with coefficients in F form i 
an algebra of order 2 equivalent to the field F(x). Hence ~ 
the general element of D may be designated by z=u-+yv, | 
where wu and v are in F(x). If v=o, uo, z has the q 
inverse u-* in F(x). If v¥o, then z=wv, where w is of 1 
the form w=q+y, where g=a+6x, with a and Bin F. 
Write g’=a—6x. Then 


Vag, ULVo-g)=7—-H. 
Hence w has an inverse if y qq’. 


ay 
= 


* Discovered by the author and called a “Dickson algebra” by 
Wedderburn. 

t We may identify D with algebra (18) of § 10 by takinga=—6, 
B=—Y, t2=%, U2=y, U;=xy. Then u3=—2x*y?=—a8. We saw there ~ 
that the associative law now yields the complete multiplication table 
(18). Conversely, since (18) is a matric algebra, it is associative. q 
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THEOREM 1. For n=2, D is a division algebra if y 
is not the norm qq’ =a? — 6 of a number q of F(x). 

This condition on y and the foregoing condition 
that 6 is not the square of a number of F are evidently 
both satisfied when F is the field of all real numbers and 
_¥ and 6 are both negative. In particular, if y=é6=—1, 
Dis then the algebra of real quaternions and is a 
division algebra. 

For any 1, the associative law and (8,) imply 


xy =xyO(x) =y[O(x)}?,.. . . , wy=ylO(x)]°. 
Multiplication by numbers of F and summation give 
(10) f(x)y=yf[0(«)], 


for every polynomial f with coefficients in F. By 
induction, 


ht) fleyr=y'flor(a)]. 


Hence, if f(x) and h(x) are any polynomials in x of 
degree <m with coefficients in F, 


(12) yf(x) + h(x) =yt"flO"(x)]A(x) - 


Conversely, it is readily verified that the associative 
law holds for the algebra D over F for which multiplica- 
tion is defined by (12) under the agreement that y°t’ is 
to be replaced by yy't’—” if st+r2n, and that the final 
‘product fh is found as in ordinary algebra with a subse- 
quent reduction of the degree in x to n—1 by use of the. 
equation ¢(”)=o of degree m. In this sense, relations 
(7) and (8) define an associative algebra D over F with 
_ the 7”? units (6). | 
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THEOREM 2. For n=3, D is a division algebra over | 
F if y 1s not equal to the norm of any element of the cubic ‘| 
field F (2). | 

Here the norm of f(x) means f(x)/(0)/(@), where _ 
6? = 6[0(x)]. i 

First, 7=yA(x)+u(x) has an inverse if it is not zero. 
For, if A(x) =0, u(x) is not zero and has an inverse in the 
field F(x). If A(~)#o, it has an inverse. Write k(x) — 
for —yA~t. Then /=(y—k)d will have an inverse if | 
y—k has one. By (11) and (8,), | 


Ly—k(«)] Ly*yk(@) + (8) R(6?)] = y¥ — R(x) k( 0) 2) 


is anumber ~o of F, so that y—& has an inverse. 
Second, we are to prove that z=y?+ya(x)+ (x) has © 

an inverse. Write w=y—a(@). Then, by (11), (8,), 

and 63(x) =x, | 


we=ypta, p=B(x)—a(@)a(x), c=y—a(A) B(x). 


If p=a=o, then y=a(6)a(6)a(x) would be the norm of — 
a(@). Hence yp+o is not zero and has an inverse v © 
by the first case. Then v-wz=1, so that z has the } 
inverse vw. 

48. Division algebras of orderg. ‘Toshow that there © 
actually exist division algebras of order 9 of the foregoing 
type D, note that any seventh root ¥1 of unity satisfies , 
the equation : 


(33) SSE St r=, 


Dividing the terms by ¢ and rearranging, we get 


er ai ars 
Poth otit tieo. 


a4) $+ 
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Making the substitution 


all ay oe del tee Sa ea ek 


we get 


| (15) 8+ 2—2&—1=0. 


If eis a root #1 of (7=1, also & and é are roots of 


| it and hence of (13). By (14), the roots of (15) are 


I I I 
Baet, Beet+sa-2, etl =8-2, 
t € €4 


B= +5=8—2. 
Hence, in accord with (5), the roots of (15) are 


E=§, &=0€)=F—-2, §=0(&)=0[0(E)]=0(E), 


while 0(£,)=03(¢)=£ Hence (1 5) will be a cyclic 
equation for the field R of all rational numbers if it is 


shown to be irreducible in R. But if the function (15) 
were reducible, it would have a linear factor &—r, 


where 7 is in R and hence is the quotient a/b of two 


integers without a common factor >1. Since r=a/b 


would be a root of (15). 


as 
a —a?+ 2ab+ 6 


would be an integer. But a‘ has no factor >1 in common 


with 6. Hence b=+1,r=-ta. Since ¢ is therefore an 
integral root of (15), 


r+r?—2r=1, 
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so that r must divide 1, whencer=-t1. By trial, neither 
+z nor —1isaroot. Hence (15) is irreducible in R. 

Our next step is to compute the norm V(/) of a poly- 
nomial f(£,) with rational coefficients. Let m denote 
their positive least common denominator. Then /(&) © 
is equal to the quotient of 


§(&) = p&+g&tr 


by m, where p, 9, 7, m are integers having no common — 
divisor >1. Thus 


(16) m3N (f)=N (5) =6(E) 5 (Ea) F(Es) - 


The last product will be obtained from the constant q 
term of the cubic equation having the roots ¢(é), 
¢(é.), ¢(E;). This cubic will be found by a simple | 
device. | | 
When £ is any root of (15), we seek the cubic satisfied 
by | at 

S=pP-+gé+r. 


From £¢ we eliminate & by means of (15) and get 


Eo=(q—p)P+(r+2p)itp. 
Similarly, 


Bo =(r+3p—g)P+(2q—p)Etq—p. 


Transposing the left members, we conclude that the — 
determinant of the new coefficients of 1, &, & is zero: 4 


meg p 


bp ) ¢-+4-29—F q—p at 
‘focal JAMO «age EE ss oA. aeeh' hagee © 
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MIts expansion is of the form —+ .... +N(f)=o. 
‘Hence N(f) is the value of the preceding determinant 
for £=0, whence 


| N() =p —2pg + 6p*r— pe part sprt+g—2gr—gr-+r3. 
| Since —p=+p=p’=P/' (mod 2), etc., we have 


N(S)=pt+pqt+ part prtqtartr 
=1+(p+1)(g+1)(7+1) (mod 2). 


‘Hence if any one of p,q, 7 is =1, then N(¢)=1 (mod 2). 
‘But if p, g, 7 are all even, and hence m is odd, N(¢) is 
divisible by 8 since each of its terms is of the third degree 
vin pb, q, r. Hence, by (16), M(f) is never equal to an 
jeven integer not divisible by 8. 

THEOREM. If y is an even integer not divisible by 8, 
the algebra over the field of rational numbers defined by 


B+et—2x—-I=0, x“y=y(x?—-2), yy, 


is a division algebra of order 9. 

49. Summary. We have obtained non-commutative 
division algebras of orders 4, 8, and 9, each over appro- 
priate fields. ‘It is proved in Appendix II that, besides 
these and fields, there are no further types of division 
algebras of order Sg. It is shown in Appendix I that 
the algebra defined by (7) and (8) is a division algebay 
for every ” when y is suitably restricted. 


CHAPTER VI 


STRUCTURE OF ALGEBRAS 


We shall prove Wedderburn’s important theorem | 
that every simple algebra is the direct product of a | 
division algebra and a simple matric algebra, and con- | 
versely. Also general theorems on the structure of. 
any algebra which are needed in particular for the proof 


of the principal theorem on algebras (chap. viii). 


50. Direct product. If B and M are linear sets of 
an algebra such that every element of B is commutative — 
with every element of M and such that the order of the | 
product BM is equal to the product of the orders of B_ 
and M, then BM is called the direct product of B and M 
and designated by either BXM or MXB. We assume. 
henceforth that Band M arealgebras. Then BM-BM= — 


B?M? =< BM, whence BX WM is an algebra. 


The elements of BM can be expressed as linear 
combinations of the basal units of MW whose coefficients 


are arbitrary elements of B, or vice versa. 


For example, the direct product of the algebra 
(x, 2, 7, k) of real quaternions and the real algebra - 


(1, V —1) can be expressed as the algebra of complex 
quaternions. 
The foregoing assumption about orders implies that 


every element of the algebra A =BXWM can be expressed — 


in one and only one way as a product of an element of B 
by an element of M. Hence if A has a modulus, both 
B and M have moduli, and conversely. 


72 


daha: hives bee ibe te dl all 
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As in the example, suppose that B and M are sub- 
) algebras of A and have the moduli 6 and m, respectively. 
Then the latter coincide with the modulus a=6m of A. 
ror, 


a—m=a(a—m) =bm(bm—m) =m? —bm?=bm—bm=o0, 


whence m=a. Similarly, mb(mb—b) =o, whence b=a. 
51. Structure of simple algebras. Let A be a simple 
algebra over a field F such that A is neither a division 
_algebra nor a zero algebra of order 1. By Theorem 2 
| of § 37, A has a modulus wu. By Theorem 3 of § 43, 
-u is not a primitive idempotent element of A. Hence 
| by Theorem 2 of § 42, 


(1) U=Ut .... Tuy (n=2), 


; where u;,... . , U, are primitive idempotent elements 
all of whose products in pairs are zero. For brevity, 
| write 

| Ajj=UjAu;. 


Evidently Au;A is invariant in A and is not zero 
since it contains u;, and hence coincides with the simple 
algebra A. Thus 


AjjA p= Ui AujA Up = Uj A Uz =Aiz , 
: (2) Ajj;Anp=oHh) ; AyAje om An ‘ 


Next, A = 2A; since 


A=uAuSzAyjSA. 
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To prove that the linear sets Ay are supplementary in 
their sum A, suppose that A,, has an element #~o in| 


common with the sum of the remaining A,;: 
UyXUs = DUZX ZU; (x, xj; in A), : 


summed for7,7=1,.... , #” with [7, 7|<[r, s]. Thenil , 
multiplying by wu, on the left and by zw, on the right, we 
get u,xu; =O. | 

By Theorem 3 of § 43, Ax=u;Au; is a division algebra. : 
with the modulus u;. Since A,;Aj;;=Ai;40, each Ayo. 
For 147, A?;=0, so that Aj; is a zero algebra. 

Lemma 1. If x 1s any element of Aj, then P= cull 
is zero or Aj. 
For, by (2), Ay4j=Au, whence PS Aj. Alsolf 


by (2), 
PAy=%j; ° A Ay=xjjA =P ‘ 


If Po, let po and x be any elements of P and Aj, 

respectively, whence px is in PA,;=P. If, P<Ayyi 

and if x isin A, but not in P, then px=n is not solvable - 

for « contrary to the fact that A,; is a division algebra. _ 
A similar proof gives | 
Lemma 2. If xy is any element of Aj, then Ajxy is 

zero or Aj; | 
LemMA 3. If xj and xj, are elements 4o of Ay and 

A jz, respectively, then xyXjp AO. | 
For, suppose that the product is zero.. Then 


(3) xjpApj=O, 


since otherwise 2j;,4,;=Aj;; by Lemma 1, whence Ay 
would contain an element x; for which 


XjRXRj =U; , OF Xijj = XjjUj = XjjZXjEXpj =O ; 
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Let y,; be an arbitrary element ~o of Ajj. By (3), 
 XjKVaj =O, %je~O. Hence the argument just made shows 
that yjAj=0, whence A,jAj=o. Then, by (2), 
Ayzp=0, contrary to an earlier result. 

From the three lemmas we evidently have 

LemMA 4. If x is any element 4o of Ajj, then 


(4) MAZ=AGX,  Ajxiyz=Ajj. 


By (4) and Lemma 3 of §18, Aj; has the same 
order as either A; or Ay, since Lemma 3, with k=1, 
_ shows that no element 2x;;4o0 of Ajj makes xjx;;=0, and 
similarly no element y;;40 of Aj makes yixjy =o. 

Since the A; are supplementary in their sum, we 
have | 

LemMA 5. The n? algebras Aj; all have the same order 
_t, and A itself is of order tn?. 7 
| Write ¢4 for.t:(¢=1,... ..:'; %).- Let emayhsae a 


| €m be elements #0 of Ay, ...., Am, respectively. 
t. By (4:) forz=1 and Xj =Exy, WE have €yAj, =A. Thus, 


_if7>1, A;, contains an element e;, such that 


: (5) O17 071 = Orr (j=1, & Oe Mig Nn), 


_ which holds also for j = 1 since é,; is idempotent. Define 
an element éy, of Ay, by 


4 (6) Cpq = Cpr€rg (2, Q=2,-+ ++ ts; pq). 


: Hence we now have 7? elements ¢e;(7, 7=1, .... ,%). 
| If 7#h, AiyAip=o by (2:1), whence 


(7) Citik=0 (fh). 


Since u= Dez is the modulus of A, and exge,;=0 for 
k>t by (7), 


as ' 
ie | 


16 STRUCTURE OF ALGEBRAS _[cuar. vr 


ve: 


(8) Cry Leper; = 61161 , Ci = Cir Ve hk = Cj1€11 


which also follow from the definition of Ay as eyAey. 
By their definition above, e440, é:4#0. By Lemma 
3, €x€xy 1S not zero; it is an element of A;; by (2.). By) 


(5) and (8,), 


(€j1€14)? = jx ° Oyj@jr * Cyg = Ojr * CrrO 1g = Cj1€ yj , 


whence ¢j¢,; is idempotent. Since A, is a division | 
algebra having the modulus e;;, we have eje4=e; by | 
Corollary 2 of $43. Combining this result with (6) | 
and (8), we have 


(9) oe pt 
We conclude from (9) and (5) that 
Cije jk = Cjr ° Cxj6jr * Cig = CjrO 101k = Cj101k = CjR 


(10) Cj 70 jk = CjR « 


The n? elements e;; are linearly independent™ since 
each is not zero and since they belong to 7? algebras Ay 
which are supplementary in their sum. 

Since the ¢;; satisfy relations (7) and (ro) and are line- | 
arly independent, they are the basal units of an algebra | 
of order n? over F which is equivalent to the algebra of © 
all x-rowed square matrices with elements in F (§ 8, § 9, 
end). Such an algebra M shall be called a simplet | 
mairic algebra of order n?. | 


Fea ee ae eee eee) eee le eee See ree S 


4 Also since Cgh* LAijlij* Ckl = Ankegl by (7) and (10), for aij in F, | 
+ The word ‘‘simple’’ is justified by § 52, and is needed since there — 
are further algebras whose elements are matrices. 
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To each element a, of An corresponds the element 


. | n 
(x 1) b = ; C7101 yj e 
eg 4=1 


‘Conversely, 6 uniquely determines a;; since, by (7) and 
(ro), 


Cid; = 11011011 = Ay y 


'@x being the modulus of A,,. This one-to-one corre- 
‘spondence is evidently preserved under addition and 
‘scalar multiplication, and also under multiplication 
since 


, / / 
| (1 2) Dlirs€r . ml ixOyxOr; — Mei tilrndslid ae DCiz (1041) er; . 


‘Hence when a,; ranges over A,;, the totality of elements 
(11) form an algebra B equivalent to Ay. Hence Bisa 
‘division algebra. If in (12) we take aj, to be the modulus 
x Of A,:, we see that the modulus Ye; = Lenene,; of M 
is the modulus of B. Since 


(13) be xp = 710110 1k = €jRD ’ 


each element (11) of B is commutative with each element 
en of M. Let a, ...., a bea set of basal units of 
A,; By (11), they correspond to elements 6, .... , 
6 which evidently form a basis of B. Now A is of 
| order in? by Lemma 5. It will follow that A has a 
) basis composed of the in? products be if we prove the 
latter are linearly independent. But, by (13), 


> b5j4b ejn = > 55 jpe jr OD exp « 


i,j,k i,j,k 
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If this sum is zero when the 6’s are in F, we multiply ito 1 | 
the left by e,, and on the right by e: and get 


4 


Hence A is the direct product of B and M. | 

At the outset we assumed that A is not a division | 
algebra. If it be such, we may evidently regard A | 
the direct product of A itself by the algebra M/, of order t 
whose single unit is the modulus u of A. To each element 
au of M,, where a is in the field /, we make a 
the one-rowed matrix (a); hence M, is equivalent to the | 
algebra of one-rowed matrices with elements in F. | 

THEOREM. Any simple algebra A over a field F, not | 
zero algebra of order 1, can be expressed* as the direct | 
product of a division Aeeire B over F and a simple matric 
algebra M over F. 

The moduli of the sub-algebras B and M of A coin- 
cide with the modulus uw of A. It may happen that 
either B or M is of order 1, the single unit being u. 

Whep F is the field of real numbers, all division alge- 
bras were found in $45. Hence we have the 

CoROLLARY. Apart from a zero algebra of order 1, 
every simple algebra over the field of all real numbers 1s a 
simple matric algebra, or the direct product of the latter 
by either the binary algebra equivalent to the field of all 
complex numbers or by the algebra of all real quaternions, 
and hence 1s of order n?, 2n?, or 4n’. 


* Tn a single way in the sense of equivalence. For, ifalsoA =B,X M1, 
where B; is a division algebra and M; is a simple matric algebra, then 
B, is equivalent to B, and M; with M. The proof communicated by; 
Wedderburn to the thug! is too long to insert here. 


g 
5 
( 
‘ 
ae 
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| 52. Converse theorem. [f/f A zs the direct product 
% yf a division algebra B over F and a simple matric algebra 
| over I’, then A 1s a simple algebra over F, not a zero 
Siechra of order 1. 

! For, M has a set of basal units e; satisfying relations 
@) and (10). Let D be any invariant sub-algebra of A, 
jand d any element ~o0 of D. Then d=2Zbye;, where 
ithe b4 are elements of B. Let 6 denote the modulus of 


1B. Since each element of B is commutative with each 


Jelement of M, the invariant sub-algebra D contains. 


berq * d = be,;= ; bb; jbeyqijers = grEds . 


t,J 


\Hence D contains byM. Since d#%o, we may choose 
jg and ¢ so that bo. Given any element 0’ of the 
division algebra B, we can find an element x of it such 
that «bg =b', whence Bb, =B. Since D is invariant in A 
jand contains b,,M, it contains 


Bm + byM=Bby ->-mM=BM=A , 


where m=2Ze;; is the modulus of M. Hence D=A, so 
that A is simple. 

Moreover, an element of x of A is commutative with 
every element of M tf and only if x belongs to the sub- 
algebra Bm. 

| For, Xx = Diye;;, where each b;; is in B. Then 


Cpgt = : Crglij i= > eoida » XC pq = > eiadip - 
ij j i 


These sums are equal for all values of p and g if and only 
if byqg=by» (by the coefficients of eg) and b,;=0(7+49), 
whence % = by Dei = dM. 


4 
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The special case B=(b) of the theorem and this sup=) : 
plement shows that M 1s stmple and that an element of | 
which is commutative with every element of M 1s a scala a 
multiple of its modulus m. | 

The special case M=(m) shows that any. division | 
algebra B is simple.* ; 

53. Idempotent elements of a difference algebra. | 
Let A be an algebra, over the field F, which is neither | 
nilpotent nor semi-simple. Thus A has a maximal | 
nilpotent invariant proper sub-algebra NV. By § 38) 
A—WN is semi-simple and has a modulus. Write | 1 
for the class, containing x, of A modulo XN. 7 

THEOREM I. If e ts an idempotent element of A, ihe 6) 
[e] is an idempotent class of A—N. 4 

For, [e|? =[e?]=[e] and [e]#[o] sinceeisnotinN. | 

THEOREM 2. Every idempotent class |u| of A-— v 
contains idempotent elements of A. | 

For, jol=(u|=l¢|— .... .: =i’ |-> Hente wo for 
every positive integer 7, so that u is not nilpotent. The 
linear set S=(u, w?,... .) is evidently closed under 
multiplication and hence. is an algebra. But S is not 
nilpotent since u is not, and hence contains an. idempotent 
element e ($31). Thus 


A 


e=autawt .... taz,u? (a; in F), | 
[e]=afult+ .... +a,[u"]=al[u], a=at+.... tage 
alu] =[e] =[eP = a°[u}? = o7|] : ca". 


$4 


But a=o would imply [e]=[o] and hence that e is nil-_ 
potent, whereas it is idempotent. Hence a=1, [e]=[w], 
so that ¢ is an idempotent element of A belonging to [wv]. 

* To give a direct proof, let b’%o and b; be any elements of Ba 


There exists an element x of B such that «b’=0,. Hence if b’ belongs to. 
any invariant sub-algebra_D, also xb’=6, belongs to D, whence D=B. 


§ 53] IDEMPOTENT ELEMENTS 81 


THEOREM 3.* If u is a primitive idempotent element 
of A, then |u| is a primitive idempotent element of A—N. 

In view of the lemma in § 42, it suffices to prove that, 
if [v] is any idempotent element of [wu] (A —JV) [uw], then 
[v] coincides with |u]. We have 


fo] = [od] [ox] [od] = [wru, 
where x is in A. By the proof of Theorem 2, the algebra 
| Y=(y, Me sp Y=UXU , 


contains an idempotent element w of A belonging to 
[y]. Since y is an element of uAu, the element w of Y is 
in uAu. By the hypothesis that uw is primitive, w=u. 
Hence 


THEOREM 4. If e 7s a principal idempotent element of 
A, then |e| is a principal idempotent element of A—N and 
is identical with tts modulus. 

For, in the decomposition of A relative to e, 


A=I+eR+Le+eAe, 


each element of the first three parts is o or properly nil- 
potent by the corollary in § 35, and hence is in JW. 
Hence we obtain all classes [x] of A —WN by restricting x 
to eAe. Each element of A—W is therefore of the 


* We make no use of the converse that if « is an idempotent of A 
such that [uv] is a primitive idempotent element of A—N, then uw is a 
primitive of A. For, if v=uxu is an idempotent of wAu, [v] is one of 
[uw] (A—N) [u] and coincides with the given primitive idempotent |u] of 
A—N. Thus u—v is in N, But w—» is equal to its square. Hence 
u—V=0O. 
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form [e] [a] [e], whence [e] is the modulus of 4 —N and | 
therefore a principal idempotent of it (§ 34). 
54. Condition for a simple matric sub-algebra. 
THEOREM. If A has the maximal nilpotent invariant 
sub-algebra N and if A—N contains a simple matric 
algebra M, then A contains a sub-algebra equivalent to M. 
By hypothesis, M has the basal units [e,], each a) 
class of A modulo N, such that | 


(14) [es] [ejxx]=[ee], [eis] [ex] =o | 
(inl; i,j, k=1,...., mil 


i AR ation 


The class [e,;] contains an idempotent element e,, of 
A by Theorem 2 of § 53 or by (18) with r=1. We shall 
prove that A contains idempotent elements @, . ~~. 5 Cun 
all of whose products in pairs are zero, and such that ey: 
is in the class [e;i]. | 

To prove this by induction on n, let A contain idem-. 
potent elements én, .... , €—z,r-1 Whose product@l 
in pairs are zero and such that e, is in the class [ey]. 
Let s denote the sum of these e;;. Then . 


(15) ne siaes G=1,....,%71). 

Select any element 0, of class [e,,] and write” 
a,=(1—s)b,(1—-s)= bh hee . 

By (15), we evidently have 

(16) €ji0, =O = AyC;jj (eet, 8. ree. 


Since s and 0, are in the classes [e,]+....+ | 
[é--1, r-z] and [e,,], respectively, whose product in either 
order is zero by (14), we see that [a,] =[0,]=[er]. Hence 


* The use of the abbreviation (1—s)b for b—sb does not imply thal 
A has a modulus. 


eis Oy Perr a 
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{a,? =[a1], so that a;—a, is an element z of N, whence 
s*=o. Evidently z is commutative with a,. By (16), 


(17) 0; =O = 26 GST 0%443, 7°): 


Employing series* which stop with the term in z°~?, 
write 


 24,—-1I 
IS) Cry sf +4=a,(1—22+1227— ....) 


eyita 


_ Then ¢,=e,. By means of (16) and (17), we find 
that 
| Ciilrr = O = Crrlii (4=T1, cee wy r—I). 

Since a,z is in the invariant sub-algebra NV, e,, is in the 
class [a,]=[e,,|. This completes the proof by induction 
of the foregoing italicized result. 


For pq, choose any element ty, of the class [€p] and 
“write pq for epstpqlqq. Then 


(9) CppIpqglgq = pq » 
[pq] =lepp] Lepal lecal = lesa ; 
[GxrGrz] = [err] [ere] =[erxe] =[exx], [Grae] = [rr] , 
by (14), so that 

Ory Apr = Crt 2ry , yr Ary = Cpt oy 
where 2,, and z. are in VN. From (19), we get 


: * By the binomial theorem the inverse of V 1-++-42 is 
“(a+-42)~4=1—3(42) + (—4)(—4-1) (42)*+ «= 28-+ra—..... 
: But if the field has the modulus 2, we replace (18) by 

: Crr=Ar+ete+st+e+ . 6... 
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: ] 
(20) pp I pq = Upq » Apq&qq = 2p - { | 
THUS r:QrrQyx = irr: » Arr Qrrlrr = ArQrr , Whence | 
4 
(2 I) Dy Ay = Cyr ( I +r) ) Dp Ay = (1 + Zar) Crr + 


By (20) and (21), 
Orr * Ary Lyx = Apr t+ Ay rZrz , DyrAizg * Og, = Ayr Sagllys « 

Since these are equal by the associative law, 
(22) Uy: S1y =ZayGyr Gti, = oe 

If z is N, so that 2*=o, the product of a(1+2) by 

(ri+s)—*=1—2+2— .... +(—1)7tgt-? 

isa. Hence by (22), 
(23) Apr(I- Sry) ~? = (1 +Say) “Ayr « 

For r>1, write 
(24) fy a5. Ger = Ger toe) 
Then by (21,) and the case é::0:,=dyy of (20), we get 
(25) Exylry = Ory Oyy(I- Sip) 7? = eri , Cli totes 


Now é of (24) is equal to the second member of (2 3). 
Hence by the case dy1€:1 =r Of (20) and by (21), we get’ 


(26) Cr @r1 = (1 +2y) "yr = Crt Cr1€1¢ = (1 Zz) "Ayr Ory 
= Crp 


Finally write ey for é¢s:é. when bey g>1; p¥q. 
This and (25,) and (26) give : 


Cjj = Cj1017 (4,7=1, +. 65 «eb nN). 
By this and (25,), we get 


CijO jk = Ci1€17. * CjrCrk = Cir * Cxr * Crk = CjrOrk = Ci - 


$55] CASE A—N SIMPLE 85 


Pitiglly Ab pia; 
CjjChk = Cix€17 ° ChrO1k = jx * Crj0j7 *° Cyn€hr * Cxk=O, 


since e¢,,=0. Hence the e; are basal units of a simple 
matric sub-algebra of A. 

| 55. Structure of any algebra. By § 40, a semi-simple 

algebra is either simple or is a direct sum of simple 
algebras no one of which is a zero algebra of order 1. 

_ The structure of each such simple algebra is known by 

$51. Hence we know the structure of all semi-simple 

algebras. 

THEOREM. Let A be an algebra over a field F such that 
A has a modulus a and 1s not semi-simple. Hence A has a 
maximal nilpotent invariant proper sub-algebra N. Sup- 
_ pose™ that A-—-N is simple. Then A 1s the direct product 
of a simple matric algebrat M over F by an algebra B over 
_F having a modulus, but no further idempotent element. 
By § 51, A—N is a direct product [B]x[M], where 
[B] is a division algebra and [M] is a simple matric 
algebra, and their moduli coincide with the modulus 
[a] of A—N. By §54, A contains a sub-algebra M 
equivalent to [MM]. Denote the basal units of M by 
ey. Write e= Dez. Then 


e’?=¢, ea=e=ae, (e—a)?=a—e. 
| By induction, 
(27) (e—a)*=(—1)**(e—a@). 


Kec 
t 


* The general case is reduced to this in § 57. 
+ Any two determinations of M are equivalent by the final footnote 
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This implies e=a since [e]=[a], so that e—a is in N 
and hence is nilpotent. 
Let x be any element of A and write 


(28) Xpq = LEipXg: « 

Then 

(29) > Xpqlpg = > CipXl gil pq = . D, (br %laq = CXC = AKA =H, 
p,q ?,q,1 rir q | 


NX pqlig = CipNlg7 = Cj jpXCq7 = CijX pq , 


so that xp, and ej; are commutative for all values of. 
bp, q, t, 7. The proof of the second theorem in § 52. 
shows that « is commutative with every e; if and only. 
if x=x,e. But e=a is the modulus of A. Hence the 
X;, are the elements of a sub-algebra B of A which is 
composed of all those elements of A which are commuta- 
tive with every element of M. . 

Since every %, is commutative with each unit ei 
of M, it belongs to B. Hence, by (29), every element | 
of A is expressible in the form 


(30) 2b pqepq (dpq in B). 


Ree Meee hoo ate aCe ee 


E 
If two such sums are equal, they are identical. F or, 
their difference can be expressed as such a sum. Henclll 
let (30) be zero. Multiply it on the left by e;; and on the | 2 
right by e;, and note that 6s, may be permuted with eg. 
We get 0;e;=0. Summing as to 2, and noting thal 
e=a, we get 0;,=o for all values of 7 and 7. : 

Hence A=BXM. By the final remark in § 50, 
B and M have the same modulus a as A. Since [B] is a 
division algebra, it has no idempotent element other than: 
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‘its modulus by Corollary 2 of § 43. Hence if e is any 
idempotent element of B, [e]=[a], and we have (27) and 
therefore e=a. 
56. If A is semi-simple, its NM is zero. Then if 

_A-—N is simple, also A is simple. Hence we may com- 
bine the preceding theorem with that in § 51 as follows: 
_ Tueorem. If A has a modulus and A—N is simple, 
where N is the maximal nilpotent invariant sub-algebra 
af wt exists, but is zero in the contrary case, then A is the 
direct product of a sub-algebra B having a modulus, but 
no further tdempotent element, by a simple matric sub- 
algebra M. 
_ The converse is true. In the proof we may assume 
that B has a maximal nilpotent invariant sub-algebra 
WN,, since otherwise B is a division algebra by Theorem 2 
of § 43 and A is simple -(§ 52), whence the converse holds 
with V =o. 
| The V of A=BXMisN,XM. For, if xis in N, also 
(28) is in the invariant algebra WN and, being also in B, 
Is in XN, (§ 32). Conversely, if x». is in N, and hence 
‘in XN, then Dxp e540 is in NV. 
_ Hence A~N=(B—N,)XM. But B—N, is semi- 
‘simple and its single idempotent element is its modulus; 
hence it is a division algebra by Corollary 1 in 3 43. 
Thus A —N is simple (§ 52). 

- 57. Let A be any algebra which is neither semi- 
simple nor nilpotent. Then A has a maximal nilpotent 
invariant proper sub-algebra N. By the corollary in 
‘§ 42, A contains a principal idempotent element u which 
is either primitive (and we then write u=w,) or else is a 
“sum of primitive idempotent elements mu, .... , Un 
“whose products in pairs are all zero. 
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The semi-simple algebra 4—WN is either a simple 
algebra (A —N), or a direct sum of simple algebras : 


(31) (A—N),,...., (A—N);. 


By § 53, the idempotent element [uv] of A—W is its” 
modulus and is a sum of primitive idempotent elements | 
[uz], . . . +, [ual of A—N whose products in pairs are 
all zero. | 
Each [ug] belongs to one of the algebras (31). For, 
if [uz] =2v;, where v; is in (A —JNV);, then | 


Vj0j=O(tA)) , [up] =[u,)?= 207, v=}. 


Hence those of the v; which are not zero are idempotent. 
But if two or more of the 2; are idempotent, [uz] woulg 
not be primitive by the Remark in § 42. 

The subscripts 1, .... , # may be chosen so that 


[us], ...- 5 [up] belong to (A—N),, 
[uptril, - +--+» [%p.+p,] belong to (A—NV)z, etc. | 


Write 


=Uy+ iis Bl kd “F4t5: €2=Up.4a+ ae Dar oer thy, 3.4, oe) Se 1 
=the... He 


where p+ +e +s. Then 4, 6% oun J 
are idempotent cements of A whose products in pairs 
are all zero and whose sum is #. 

Since [e,], . . . . , [@] belong to the respective alge- 
bras (31) and since their sum is the modulus [w] of the 
direct sum A—WJ of those algebras, they are the modul 
of those algebras (§ 21). Also, 
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t 


(32) [al(A—N)[el=lal >) (A-W)ileJ=o (Gx). 


k=1 
In the decomposition of A relative to u (§ 33): 
A=I+uB+But+uAu, 


the first three linear sets belong to N by the corollary 
in § 35, whence 


| (33) A=N,+udu, NiSN. 


We shall employ the abbreviations 
Ay=eAej, Ny=eNe;,  Ni= > Ny. 


By (32) and the fact that NV is invariant in A, we 
have ¢;Ae;SN(ij), so that every element p=e,ae of 
Aj; is in V, whence e;pe;= p, and Ay=Ni (447). Hence 


(34) UuAu=ZAy=N,+ZA;x, 
(35) A=N’+2Az, N’=N,4N,8SN. 


If an element a; of Aj is properly nilpotent for A,, 
it is properly nilpotent also for A. For, by (35), each 
element x of A is of the form x’+2z;, where x’ is in 


N’and«;is in Ay. Since AyAy=o(7 2), ax =ajx’ +aj4;. 


Since x’ is in the invariant sub-algebra N of A, ajx’ is 
in N. Hence [ajx]=[aj;xj]. Since a; is properly nil- 
potent for Ay, ajx; is nilpotent, and the same is therefore 


_ true of class [a;x;] and hence of [ax]. Thus powers of 


_ajx with sufficiently large exponents are elements of J, 
_ whence a;jx is nilpotent. Since x was arbitrary in A, 
- this proves that a; is properly nilpotent for A. 
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The same argument™ shows that if an element a of 
uAu is properly nilpotent for it, a is such for A. For, 
by (34), @=v+ Za;, where v is in NV, and q; is in Ay. 


For x; in Ajj, 2x; is in uAu, and adx;=p+ Za,x; is nil- 
potent, where uw is in N. This sum differs from ax 
by an element of V. Hence [ax] and therefore ax is 


nilpotent, whence a is properly nilpotent for A. 


a ee ee hee en Tete, 


Let N; denote o or the maximal nilpotent invariant | 


sub-algebra of A;;, according as there is not or is such a 


# 


sub-algebra. As proved above, NjSN. Next, if Ny 


is not zero, it is a nilpotent invariant sub-algebra of A,. 


For, since JN is invariant in A, 


NyEN, AyjNy=e;- AejN - eSe;NejSNjy, 


and similarly N,Aj<Ny.. Moreover, AjyAN=N;. 


For, if an element v of NV is in Ay, so that »=ejae;, then - 
eve;=v, and v is in Ny. Hence Ny is the foregoing - 


maximal Nj. 


: 


Similarly, wu is the intersection of wAu and N, : 
and is evidently invariant in wAu. Hence uNu is zero 
or the maximal nilpotent invariant sub-algebra of uAu, © 


according as there is not or is such a sub-algebra. 


The distribution of the elements of A; into classes is - 
the same modulo Nj; as modulo NV. For, if x and y are 
elements of A; belonging to the same class (or different - 
classes) of A modulo N, then «—y is in Ay and is in 


* To give another proof, let J be any nilpotent invariant sub-algebra | 
of uAu. Then J8=o for a certain positive integer 8. Hence (I+N)#< | 
N, since N is invariant in A. Thus J+N is nilpotent. To prove it is — 


invariant in A, use (33). Then 
A(I+N) =(Ni+uAu)I+N) SuAu-I+NSI+N. 


Similarly, 7+N)ASJI+N. Since J+N is a nilpotent invariant sub- | 


algebra of A, it is contained in N (§ 30). Hence JS<N. 
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(or not in) NV and therefore is in (or not in) Vj, whence 
x and y belong to the same class (or different classes) 
of A;; modulo Nj, and conversely. 

The class of A modulo N which is determined by an 
element exe; of Aj; is 


(36) [es] [x] [e,] . 


Now [x] is in A—WN which is the direct sum of algebras 
(31). Also, 


[e;]2(A —NV),[e,] =[e;] (A —V),[e]=(A —N);. 


Hence (36) is an element of (A—NV);. Conversely, any 
element of the latter is of the form (36) with x in A, 
and hence is in a class of A modulo WN determined by 
an element exe; of Aj. Thus, by the preceding para- 
graph, (A —NV); is equivalent to Aj;— Ny, which is there- 
fore simple. Applying § 56, with A replaced by Aj, 
we obtain the 
THEOREM. Let A be any algebra which is neither 
semi-simple nor nilpotent and let N be its maximal nil- 
potent invariant sub-algebra. Then A—N 1s a direct 
sum of t simple algebras (t=1), and A contains a principal 
idempotent element u=e,+ .... +&, where the ¢; 
are idempotent elements whose producis in pairs are all 
zero. Then A=N’+8S, where N'SN and S is the direct 
sum of the t algebras e;Ae(j=1,...., t) and each 
e;Ae; ts the direct product of a simple matric algebra by an 
algebra having the modulus e;, but no further idempotent 
element. Moreover, e;Ae (or uAu) has the maximal 
nilpotent invariant sub-algebra e;Ne; (or uNu) or no such 


_ sub-algebra, according as e;Ne; (or uNu) is not or is zero. 


| Also, N=N’+2eNG. 


CHAPTER VIL 


CHARACTERISTIC MATRICES, DETERMINANTS, AND 
EQUATIONS; MINIMUM AND RANK EQUATIONS 


We shall prove that every associative algebra is | 
equivalent to a matric algebra and apply this result to 


deduce important theorems on characteristic, minimum, | 
and rank equations from related theorems on matrices. | 


In § 66 we shall establish a criterion for a semi-simple 7 
algebra which will be applied both in the proof of the | 


principal theorem on algebras (chap. viii) and in the 7 | 


study of the arithmetics of algebras. ; 

58. Every associative algebra is equivalent to a ' 
matric algebra. ‘The essential point in the proof of { 
this equivalence is brought out most naturally by explain- — 
_ ing the correspondence, first noted by Poincaré, between : 
the elements of any associative algebra A over a field F 
and the linear transformations of a certain set (group). | 

Let the units #,, .... , %» of A have the multiplica- — 
tion table — 


| nN 
(1) UjU; = sie (GQ, JHE, ins Ws 
kR=1 


Then A is associative if and only if Uj(UsUy) = (UUs) Uy 
for all values of 7, s,7, and hence, by (x), if and only if — 


ae a | 
(2) > iii is Vin (4; 3, FRA TAS n). 
‘GM jur. 


Q2 
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Let x be a fixed element and z, z’ variable elements 


H=ZEuj, 2 Bly, 2 = UE; 


of A. By (1), z=«z" is equivalent to the m equations 


(3) ti = > brintt (Ree 
4, Jj 


which define a linear transformation 7, from the initial 
wariabies (:,......, {to the new variables (j;2 2 048 
¢,- The determinant of T, is 


nN 
oy EVis 
¢==I 


maven the numbers {, and &(k, t=1, 2s x’: 98) ve 
F such that A(x) #o, we can find unique solutions ¢; 
of the m equations (3). In other words, there exists a 
unique element z’ of A such that xz’=z, when zg and x ° 
are given and A(x) #o. 

Similarly, the equation z’ = yz’’ between the foregoing 


/ 


(4) A(x) = (j,k=1,...., 0). 


2 and y=Zyu;, 2’=Zf,'u,, is equivalent to the n 


equations 
Te He nest Ga ae 
r,s 


which define a transformation Ty from the variables 
Bo a ios oo) (to the final’ variables e750 Wi eee 
By eliminating the ¢;, we get the equations of the product 


($2): 


Paylite bs EmeVanreihr 6 Re CSR 


4, J, tr, 5 
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This transformation will be proved to be identical | 
with 7;, where p=xy. This becomes plausible by | 
elimination of 2’ between z=«z' and 2’=ys"’, whence | 
Z=x + yz’ = pz" by the associative law. To give a formal 
proof, note that to p=2Zza,u; corresponds the trans- | 


formation 


d Ea oe SS Tinks, aG= De EmsVis3 » 
‘¢ 


Ped 


in which the value of 7; was computed from p=ay | 
by use of (1). Then 7,7y=Ty,, since the coefficients || 


of &.¢;’ are the sums (2). 


Hence the correspondence (3) between any element — 
x of the associative algebra A and the transformation 1 
T, has the property that to the product «xy of any two | 
elements corresponds the product 7,7, of the corre- — 
sponding transformations. Thus the set of these trans- — 
formations is such that the product of any two of them is — 


one of the set.* 


There is a second correspondence between any ele- © 
ment x of A and the transformation obtained from — 


2=2'K: 
(5) bige t= Do brad) eet ae eh 
4,j 


* Such a set is called a group if it contains the identity transforma- 


tion J and the inverse of each Tx. If A hasa moduluse, then Te=J since — 
g=es'=2' gives th=t,(R=1,...., 2). If A(x) 0, we saw that there — 
exists a unique element w of A such that xw=e. Then TxTw=I, so — 


that Tw is the inverse of Tx. Hence all the transformations Tx for which 
A(x) #o form a group. Then also Tw7x=I and wx=e for a unique w, 


whence A’(«), defined below (5), is not zero. Conversely, A’(x) 4o | 


implies A(x) #o if A has a modulus. 


en aN wits ee Lee, Pee 
a. ae a at ‘ say ‘ ; 
AL eH NRaRT Ue R Oead o, PN PY ea DRE EET LS MRT ETF NE ECORI PET IRE NAT OE AT RT CTE ERT PRR Ve TETS SETTER TE OL IE OT TET TET om 
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Similarly, from z’=s'’y we obtain t, Then z=2'’g, 
g=yx. This makes it plausible that t,ty=¢,. A formal 
proof follows from (2) as before. The determinant of 
(5) is denoted by A’(x). If it is not zero, there exists a 
unique element z’ such that z’x=z. 

_ We shall denote the matrix of transformation (3) by 
_R, and that of (5) by S;, whence 


(6) Rz=(px;); pas= >_ Bevise (ky j=1,...., 0); 


having the element p;; in the &th row and 7th column; 


(7) Sz=(ox,), ouj= > Brsi (hpi, oe Sa 


We shall call R, and S; the first and second matrices of x 
(with respect to the chosen units u,,...., Un). 
Since the matrix of a product of two transformations is 
equal to the product of their matrices (§ 3), we have 


(8) Rh Rees SS ea 


The determinants A(x) and A’(x) of R, and S, are 
called the first and second determinants of x (with respect 
2 ge 

‘Since R, is the matrix of transformation (3), R.=o 
implies that ¢;% is zero identically in the ¢;, and hence 
that o=4z’ for every z’ in A. Similarly, S,=o implies 
that o=2'x for every z’ in A. In particular, 

. THEOREM 1. If A has a modulus, either Ry=0o or 
S,=0 implies x=0. : 
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Since each element of R, or S, is linear and homo-| 
geneous in the co-ordinates &; of x by (6) or (7), we have. 


(9) Kae = aR, 5) R-+ Ry = Regty ; 


for every number a of F, and the similar equations in S. | 

By (8,) and (9), the correspondence between elements 
Z% y,.... ol algebra A and matrices: Ky, Ry, is 
such that xy, ax, and «+y correspond to R;Ry, aR, and 
R,+Ry,, respectively. Moreover, if A has a modulus, 
this correspondence is one-to-one. For, if R,=Ry, then 
o=R,—Ry=Rz-,, whence x—y=o by Theorem 1 


Hence by § 12 we have 


THEOREM 2. Any associative algebra A with a modulus | 
_ 4s equivalent to the algebra whose elements are the first” 
matrices R, of the elements x of A, and is reciprocal to 
the algebra whose elements are the ee matrices S; of 


the elements x of A. 


For example, let A be the algebra of two- rowed | 


matrices 


sl A) oad OO dO) 


Then p,=mp and p,=ym lead to transformations | 
T on the variables a, y, GB, 6, and tf, on a, B, y, 6 having 


the matrices 


aboo PW ra 
ra eae a be 9 6a of 
Bae i, ab}? inal oe ra ae Nd 
60 td 60.84 


where R,, is with respect to the units @::, @2:, €12, €22 Of 
§ 8, and S,, is with respect to é:, €:2, €21) €22. +By inspec-— 


H 
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tion A is equivalent to the algebra with the elements 


_R» and is reciprocal to that with the elements S,,. 


(12) 


Je + 
Me . 
ved 5 


If A does not have a modulus, we employ the associa- 


tive algebra A* over F with the set of basal units 


Uo, Ux, . . . - » Un, Where the annexed unit m is such 


that 
(10) w@=x, Uc; =U; = UjUe et cee OR 


_ and hence is the modulus of A*. Write 


(11) x* = Eo +x , Z*=CMotZ, oe = Foutz’ , 


where 4, z, 2’ are the elements of A displayed above (3). 


Then 


vt gE = EC oot alot Ex’ +2" . 
Equating this to s*, we obtain the transformation 


Gobo, Se EES > Eevaged! 
~ 
(Rates aks mi 


@ihe matrix of the coefficients of {, fi, ...., & is 
Ry. The latter are the elements of an algebra equivalent 
to A* by Theorem 2. Now x* isin A if &=o. Hence 
the elements x of A are in one-to-one correspondence 
with the matrices 


3) ee oe 


‘ By 
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Note that (13) is obtained by bordering matrix Ry | 
in (6) with a front column of £’s and then a top row of | 


zeros. Write x’=Zéju;. Then 


xe =Zpee, Pe= > pasts 
j 


We verify at once that the product R*R# is R%, since — 
it is obtained by bordering matrix R,=R,R,» with a | 
front column of p’s and a top row of zeros. Again, | 
(9) imply the corresponding equations in R*. | 

THEOREM 3. Any associative algebra A (without a 
modulus) ts equivalent to the algebra whose elements are | 
the bordered first matrices (13) of the elements x of A, and is 
reciprocal to the algebra whose elements are the bordered | 
second matrices Sz of the elements x of A. | 

Here S* is obtained by bordering matrix S, with a_ 
front column of £’s and a top row of zeros, and hence — 
may be derived from (13) by replacing each py by o4j. 

THEOREM 4. Every transformation T, 1s commutative — 
with every transformation by. Hence 


(14) RSy=SyRz 


for all elements x and y of A tf and only 1f A ts associative. 
For, if we apply first transformation z=«z’ and 
afterward transformation z’=z’’y, we obtain : 


yA Mae a ae iy 


But if we apply first ¢y : z=z’y and afterward T, : 2’ 
xz’’, we get 
Ligh Ste ae. 
The group of the transformations 7, and the group : 
of ty are said to be a pair of reciprocal groups in Lie’s © 


§ 50] CHARACTERISTIC EQUATION 99 


theory of continuous groups. This was the origin of 
_ the term “reciprocal algebras” (§ 12). 

59. Characteristic determinant and equation of a 
matrix. Let x be an z-rowed square matrix with 
elementsina field F. Let wbeanindeterminate. Write 


(5) fle) =|2—ol | 
for the determinant of matrix «—wl. Thus f(w) is a 


polynomial of degree m in w with coefficients in F. 
It was proved at the end of § 3 that 


(16) (x—wl)adj. (x—wl)=f(w)I. 


Each member may be expressed as a polynomial in w 
whose coefficients are matrices independent of w. Hence 
the coefficients of like powers of w are equal. Thus, if 
m is any matrix commutative with x, the corresponding 
polynomials obtained by replacing w by m are identical, 
and the same is true of the members of (16). But if 

we take m=x and replace w by x in the left member of 
(16), we obtain the matrix o. Hence f(x)I =o. 

We shall call f(w) and f(w)=o the characteristic 
determinant and characteristic equation of matrix x. 

THEOREM. Any matrix x is a root of tts characteristic 
— equation. It 1s understood that when w 1s replaced by x 
the constant term c of {(w) is replaced by cl. 

60. Characteristic matrices, determinants, and equa- 
tions of an element of an algebra. Let g(w) be any 
polynomial with coefficients in Ff which has a constant 
term co only when the associative algebra A over F 
_ has a modulus e and then the corresponding polynomial 
- g(x) in the element x of A has the term ce. Then the 
jirst and second matrices of g(x) are 
3 (17) Rea) = o(R,) ’ Se(x) = 9( Sz) . 
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For, if k is any positive integer, (8) imply 
R2z=R:, Seto 


Multiply each member by the coefficient of w* in g(w), — 
sum as to k, and apply (9) and the similar equationsin S. _ 
We get (17). 

First, let A have a modulus. Choose in turn as_ 
g(x) the characteristic determinants 6(w) and 8’(w) of | 
matrices Ry and S,, respectively. Then, by (17) and 
§ 59, 

Roa) =6(Rz) =o ’ Sox) = 5’(S,) =o. 


Hence 6(x) =o, 6’(x) =o by Theorem 1 of § 58. 

Second, let A lack a modulus and extend it to an 
algebra A* with a modulus ~, defined by (10). Choose in 
turn as g(x) the characteristic determinants of matrices R; 
and S;, which by (13) are evidently equal to — w5(w) and | 
—w6'(w), respectively. By the facts used in the proof — 
of Theorem 3 of § 58, equations (17) hold when R and S __ 
are replaced by R* and S*, respectively. Hence (§ 59), | 


R* g5(2) =O , S7x5(@)=0. 


Since A* has a modulus, Theorem 1 of § 58 shows that _ 
the subscripts are zero. 

THEOREM.” For every element x of any associative 
algebra A, x6(x)=0, x8’(x)=0. If A has a modulus, also 
5(x) =o, 8’(x) =o. 


*For another proof, with an extension to any non-associative 
algebra, see the author’s Linear Algebras (Cambridge, 1914), pp. 16-109. 
That proof is based on the useful fact that if we express xu; as a linear 
function of m,...., um and transpose, we obtain » linear homo- 
geneous equations in %,.... , um the determinant of whose co- 
efficients is 6(«). Similarlv, starting with ujx we obtain 6’(x). Com- — 
pare § 95. 
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Let x be an element of any algebra A which need not 
be associative nor have a modulus. The matrices 


R,—ol = (pzj— wdp;) ’ S,—- wl = (o4j;—w6;;) . 


in which 6;=1, 6.;=0(k#/), are called the first and 
second characteristic matrices of x, while their determinants 
6(w) and 6’(w) are called the first and second characteristic 
determinants of x. Thus the first characteristic matrix 
of x is obtained by subtracting w from each diagonal 
element of the first matrix R, of «. 

When A is associative, 6(w)=o or wé(w)=o and 
6’(w) =o or wé’(w)=o are called the first and second 
characteristic equations of x, according as A has or lacks 
-a modulus. 

These terms are all relative to the chosen set of basal 
Units u,,...., U, of A. However, we shall next 
prove that 6(w) and 6’(w) are independent of the choice 
‘of the units. 

61. Transformation of units. This concept was 
‘introduced in §6. But we now need explicit formulae. 

Let #,;.. . 5.4, be a. set of basal, units of any 
algebra A, not necessarily associative, over a field F. 
We may introduce as new units any 7 linearly independ- 
ent elements of A: 


% n 
. ui= > rapt; (gmt ae 
F ji 2 


where the 7; are numbers of F of determinant |7;|o. 
"Then equations (18) are solvable for the u;; let the solu- 
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(19) m= Da Gat, om a0) 


where the d, are numbers of F. Elimination of the 
u; between (18) and (19) gives a 


ory Ne 
(20) Due pea pets 62S ae 


By means of (19), any element «=Zé«u, of A can | 
be expressed in terms of the new units uj as follows: 


(21) = Danas Seni, B= > dibs i 
t=1 a 


By (18) and (1), 


n n 


(ont a ~~ eas 
UjzU; = TirT jsUpUs = TirTjsVrshUh - 
7,S=1 7,S,h=1 
Replacing u, by its expression from (19), we get 
nN nN 
/ / / / 
(22) Uj;U; = > VijkUe » Vijk = > TirT js VrshNhk ) 
k=1 


1, S,h=1 


which gives the multiplication table of the new units. | 

62. Characteristic determinants are invariants. Let | 
R;, and S; be the first and second matrices of « with oe 
to the new units uw, .... ., u, defined by (18). : 
seek the eam analogous to (6), but written in the secon : 


letters &’, y’ defined by (21) and (22): 


n 
= >» Ey jh = ZNGTirTjsVrshneEt 5 


=I 
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| summed for i, t, 7, s, h=1,...., 2. Applying first 
_ (20) and afterward (6), we get 


pkj= > T js VrshNhk&r = > T jsPhsNhk 


t,t. h s,h 


Write /;, for Axx, and ¢,; for 7; Let T be the matrix 
having t,; as the element in the sth row and jth column. 
By (20), Déilz#=0 or 1 according as 7#¢ or 7=¢. Hence 


_ T-* is the matrix having J; as the element in the ith 
row and ¢th column. Then pzj;=Zlpipist gives 


BaTORT, . Sst 57. 


the second being derived similarly by using (7) instead 
of (6). Thus, if w is an indeterminate, 


Ri-al=T-UR.—wl)T, © Si-wls TOUS, ~eht 
Passing to determinants, we get 
|Re-ol |=|Ry-ol|, | S:—ol |=| S,—ol |. 


THEOREM. Lach characteristic determinant of an 
element x of an algebra, not necessarily associative, over a 
field F, 1s tnvartant under every linear transformation of 
units with coefficients in F. The same is therefore true of 
their constant terms A(x) and A’(x). 

63. Lemma on matrices. Jf a,,.... , G» are the 
roots of the characteristic equation f(w)=o of an n-rowed 
square matrix m whose elements belong to a field F, and af 
g(w) is any polynomial with coefficients in F, then the 
roots of the characteristic equation of the matrix* g(m) are 


(B(ax), » - + + 5 Blan). 


* With the term cl if the constant term of g(w) is c. 
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By chapter xi, we may extend F to a field F’ in which 1 
f(w)+g(w) decomposes into linear functions of w: 7 


If J is the m-rowed unit matrix, we have in FP’ 
g(m)=B(m—BI).... (m—B,T). 

_ Passing to determinants, we get | 

| g(m) |=B"|m—BE |... |m—BT|=8f(B) .. . . f(B). | 

But, by the initial formulae, | | 


| f(B;) = (ax— Bi) nA Deis (a,—B;), | | 
| g(az)=B(a;—Br) .. . . (as—B,). 


Hence 
(23) | g(m)|=g(ar) . . . « glan). 


Let £ be a variable in the field F’ and write h(w, &) 
for g(w)—£. Then h(m, £)=g(m)—E£I, so that the © 
characteristic determinant of g(m) is the determinant 
of h(m, &). Applying (23) with the polynomial g(m) 
replaced by h(m, £), we see that the determinant of the — 
latter is equal to the product 


Naz, §) .. . » Alan, &)=[g(ar)—€] . . - « [g(an)—€]. 


Equating the latter to zero, we therefore obtain the char- 
acteristic equation of matrix g(m). Hence its roots are 
Pit a Bln) 
- 64. Roots of the characteristic equation of g(x). 
THEOREM. Let g(w) be a polynomial of the type in 
§ 60. Let F, be an extension of the field F such that the 
first (or second) characteristic equation of the element x of 
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| the algebra 1s solvable in F, and has the roots a, .... , On. 
i Then the roots of the first (or second) characteristic equation 
| wi g(t) are (as), .s o/« 5 BCGu). 


For, the first characteristic equation of x is 
| |R,.—wI|=0, which is the characteristic equation of 
| matrix R,, and has the roots a,,.... , a. Hence 
| by $63 with m=R,, the roots of the characteristic 
} equation of matrix g(R.) are g(a:),...., g(an). 
{ By (17,) they are the roots of 


| Ree) — ol |=o ’ 


which is the first characteristic equation of g(x). 
“COROLLARY™. ‘An element x is nilpotent if and only 
af every ro r characteristic equation of x is zero. | 
For, if «=o and if there be a root po, the corre- 
_ sponding characteristic equation of x” would have the 
root p’o, whereas either characteristic equation of the 
element o is evidently w” =o. 

Conversely, if every root of either characteristic 
equation is zero, that equation is evidently w”*=o, 
and by the theorem in § 60 x is a root of the latter or of — 

its product by w. 

65. Traces, properly nilpotent elements. The sum 
of the diagonal elements of the first matrix R, of x is 
called the (first) trace of x, and is denoted by #,. 

_ The first characteristic equation of x is 


| Ry— ol |=(—1)"[w"—t,o" t+ 2... . J=0. 


Hence /, is equal to the sum of the roots, and (§ 62) is 
_ Independent of the choice of the basal units of the 
- algebra. 


* This follows at once from the theorem in § 68. 
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In the proof of the next theorem it will be seen that | 
we must exclude fields F having a modulus p, 1.e., an 
integer p such that px=o for every x in F. When p 
is a prime, one such field is composed of the classes of | 
residues of integers modulo #, as explained in detail in | 
§rz0. Any sub-field of the field of all complex numbers © 
has no modulus. 

THEOREM. An element x of an associative algebra A 
over a non-modular field F is zero or properly nilpotent 
if and only if txy=o for every yin A. : 

First, let x be zero or properly nilpotent, so that xy is © 
nilpotent. Then all the roots of the first characteristic | 
equation of xy are zero by the corollary in § 64, whence | 
their sum f,y 1s zero. | 

Conversely, let tzy=o for évery yin A. Since 


(xy) =x, yr=(yx)ty, 


t,=0, where z=(xy)’, for every positive integer r. In 
the theorem of § 64 take g(w)=w" and replace x by xy;_ 
hence the roots of the first characteristic equation of © 
z=(xy)" are the rth powers of the roots of that of xy. 
The sum #, of the former roots was seen to be zero. 
Hence the sum s, of the rth powers of the roots of the 
first characteristic equation 


f{(o) =0"+ yw" 7+ 2... +Yn =O 


of xy is zero for every positive integer 7. For any field F, 
we have Newton’s identities, 


SVS j—rt Y2Sj—2t ae + Yj—1Si tjyj=O 
(Geet. 2 oe hm) 
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_ Since each s,=o, we have jyj=o. Hence y;=0, 
} since F has no modulus. Thus /(w)=w"=o. Since 
) every root of this characteristic equation of xy is zero, 
the corollary in § 64 shows that «y is nilpotent for every 
y, whence x is zero or properly nilpotent. 

| But if F has a modulus the prime 1, yn need not be 
zero, although y;=o(7<u). Take yn=—1. Then 


f(w) =0"—1=(w—1)” (mod 2), 


so that all the roots are 1 and s,=o (mod n) for every r. 
- To show that not merely our proof, but also the 
theorem itself, may fail for a modular field, take m= 2 in 
what precedes and consider the algebra (1, e) where e? =o, 
over the field of classes of residues of integers modulo 2. 
The first matrix of x=£&+y7e has the diagonal elements 
_&, & Hence the trace of every x is 2&=o (mod 2). The 
elements 1 and 1+ ¢ are not nilpotent, although the traces 
of their products by every y were seen to be zero. 

_ 66. To make an important application of the pre- 
ceding theorem, consider 


- 6= > bis, y= or y= > benji; 
-. 4 j 4,79 


_ Relations (9) evidently imply 


: (24) lax= aly , lyty= by by. 


Hence if the right trace of u;u; is Ti, 


n 


5) tyy = 2 Ti EiN; - 


i,j=I 


i) 
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This is zero for every y in A if and only if 


n 


(26) > niti=0 (j=1, Pee ae nN). 


$=¥ 


Hence «= éu;o is properly nilpotent in A if and | 


only if relations (26) hold (with &, .... , E, not all 
zero). | 

THEOREM. Let the n-rowed square matrix (rij), im i 
which riz is the trace of ujuj, be of rank* r. An algebra A 


over a non-modular field has no properly nilpotent elements i 
(and hence is semi-simple) if and only if r=n. Also, A 
has a maximal nilpotent invariant sub-algebra N of order | 
vy if and only ifv=n—r>o0. The value of r depends solely | 
upon the constants of multiplication of A. i 

The reader is now in a position to follow the proof i in. | 
chapter vill of the principal theorem on algebras. | 

For an important application to the arithmetic of i 
algebras, we shall need the explicit expression for Ty, 
which is the trace of u,u4j;=2Zyyiu; and hence is the sum_ a 
of the diagonal elements of the first matrix of the element. q 
obtained from x=Dé&u; by replacing & by yy. A” 
diagonal element of the first matrix of « is given by (6) 
withy=k. Hence 


a 
(27) i > ang > Ysji'Vikk - a 


i,k=1 4 


* A matrix is said to be of rank r if at least one r-rowed minor is © 
not zero, while every (r-++-1)-rowed minor is zero. Then r of the &; in 
(26) are expressible uniquely in terms of the remaining ~—r, which are — 
arbitrary. See Dickson’s First Course in the Theory of Equations ( eee ‘ 
p. 116. , 
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67. Minimum equation of a matrix. Any square 
Wmatrix m with elements-in a field F is a root of its char- 
acteristic equation (§ 59) and hence is a root of a unique 
equation ¢(w)=o of lowest degree whose coefficients 
belong to F, the leading coefficient being unity. This 
Hequation is called the minimum (or reduced) equation 
of m. It is understood that when w is replaced by m, 
the constant term of ¢(w) is multiplied by the unit 
: atrix J. | 

_ Lemma. If \(m)=0, where (w) is a polynomial 
with coefficients in F, then \(w) ts exactly divisible by $(w). 
For, let g(w) and r(w) denote the quotient and re- 
mainder from the division of \(w) by ¢(w), where r(w) 
is either zero identically or is of degree less than that of 
o(w). Then . 


Mw) =9G(w)d(w)+r(w) . 


Hence r(m)=o, so that r(w) is zero identically. 
THEOREM 1. The minimum equation of an n-rowed 
square matrix m is q(w) =o, where g(w) is the quotient of 
the characteristic determinant f(w) of m by the greatest 
common divisor g(w) of its (n—1)-rowed minors. 

- Denote the adjoint matrix ($3) of m—ol by 
(m— wl) ,. Each of its elements is divisible by g(w). 
Hence 


(m—wl)o=g(w)M ’ 


where M is a matrix whose elements are polynomials in 
C without a common factor other than a number of F. 
Hence (16) with «=m becomes 


g(w)M(m—wl)=f(w)l=g(w)q(w)l. 
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We may delete the common factor g(w) from this identit | 
in matrices since it is equivalent to 1? equations betwee | 
elements of the m-rowed matrices. Thus yi 


(28) M(m—ol)=qw)I 


As in § so this identity holds true after w is replaced by. 

any matrix commutative with m, say m itself. Hence) 

g(m)=o. By the lemma, q(w) is divisible by ¢(e). 
If p is another indeterminate, we have 


$(w) — $(p) =V(o, p) (p—w) ) 


where (a, p)i is a polynomial in w and p with coefficients . 
in F. We may replace p by m and, since ¢(m)= | 
obtain | 


$(w)l=Y(w, m)(m—al). 
From this and (28), we deduce 
q(w)P(w, m)(m—al) = $(w)M(m—al) . 


We may delete the common factor m—wI whose deter- 
minant is not zero identically in w. Since the elements. 
of M have no common factor, g(w) must divide ¢(w). ' 
Our two results show that g(w) and ¢(w) differ only 
by a factor belonging to the field F. Hence the theorem 
is proved. 
THEOREM 2. Every root of the characteristic equation 
f(w) =0 of a matrix is a root of its minimum equation 
(w) =o, and conversely. ) 
For, if we pass from (28) to determinants, we have 


| M | - flo) =[¢(o)]". 


The converse is true by Theorem 1. 
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68. Minimum equation of an element of an algebra. 
Let « be an element of an associative algebra A over F. 
If A has a modulus, any polynomial g(w) with coefficients 
in F which vanishes when w = R, vanishes for w =x by (17) 
and Theorem 1 of $58, and conversely. Hence the 
/minimum equation of R, is the minimum equation of x. 
By the preceding Theorem 2, every root of the former is a 
root of the characteristic equation of R,, which is the 
first characteristic equation 6(w)=o of x by § 60, and 
conversely. The same holds for S, and 6’(w)=o. If 
A lacks a modulus, we employ R* instead of R, and note 
(§ 60) that (17) still hold. 

THEOREM. Every root of the minimum equation of an 
element x of any associative algebra is a root of either 
characteristic equation of x and conversely. 

69. Rank equation. By § 11 the quaternion 


q=otii+njt+sr, 


in which o, &, n, ¢ are independent real variables, is a 
root of 


w—200+(7?+2+7?+ 7) =0, 


and is evidently not a root of an equation of the first 
degree. This quadratic equation is called the rank 
equation of the general real quaternion g since its coeffi- 
cients are polynomials in o, £, 7, ¢ and the coefficient 
of w* is unity, and since g is not the root of an equation 
of lower degree whose coefficients have these properties. 
Consider any associative algebra A over a field F. 
Let u,, .... , Us be a-set of basal units of A. Let &,, 

3 . » & be variables ranging independently over F. 
| By § 60, the element «= 2D£u; of A is a root of wi(w) =o, 
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where 6(w) is the first characteristic determinant of 2| 
and is a polynomial in w whose coefficients are poly-_ 
nomials in &,, .... , & with coefficients in F. : 

Hence there exists a least positive integer 7 such that 
x is a root of an equation of degree 7, ; 


(29) Coo +e 7+ .... =O, 


with or without a constant term according as A has or 
lacks a modulus, where each c; is a polynomial in Eni 
. , &, with coefficients in F, while c is not “1 
sdentically, ; | 4 
When £,,.... , & are indeterminates, 6, ¢:, .°.' 

have a greatest common divisor g by Theorem V of 
S114. Write c;=gq;. Then (29) becomes gR(w) =o, 
where F 
( 

] 


(30) R(w) =qow’ +qrw’ 7+ 2... 


Here q, 9:, . - - - have no common divisor other than” 
a number of F, 4nd go is not zero identically. These 
properties remain true when we interpret &, .... , Eq. : 
as independent variables of F, provided F be an infinite 
field as we shall assume henceforth.* E 
By means of «= Zé; and the multiplication tables 
(x) of the units “;, we may express R(x) in the form— 
Dfimi, where f; is a polynomial in ~,, . . . . , & with co- : 
efficientsin F. Since gR(x)=o, each gfi=o. ByIII of 
§ 112, the corresponding function gf; of indeterminates” 
f&,,....,& is zero identically, so that one factor is) 
* For, if f, g, h are polynomials in &,...., &, with coefficients 
in F, and if f=gh when the ¢’s are indeterminates, evidently f= gh 


when the é’s are independent variables in F. What we need is the 
converse, and it is true by III of § 112. 7 
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zero by the theorem in § 111. Since g is not zero identi- 
: cally, each f;=0 and R(x)=o. 

{ Lemma. If X(~)=0, where (w) is a polynomial in 
w whose coefficients are polynomials in &,...., &m 
with coefficients in F, then (w) is exactly divisible by 
 R(w) when &,, . . . . , & are indeterminates. 

For, let g(w) denote the greatest common divisor 
| of X(w) and R(w). By V of §114, there exist poly- 
-nomials s(w) and ¢(w) whose coefficients are poly- 
'nomials in &, .... , & with coefficients in F and a 
polynomial p in &, ....,.& with coefficients in F 
_ such that 


5(w)A(w) +(e) R(w) = pg (a) . 


Hence pg(x)=o0. By the paragraph preceding the 
lemma, g(~)=o. Hence the degree of g(w) in w is not 
less than the degree of R(w) in view of the definition of 
the latter. But the degree of the divisor g(w) is not 
_ greater than that of the dividend R(w). Hence the 
degrees are equal. Then by IV of $114 with p=1, 
_ K=1, R(w) is the product of g(w) by an element of F. 
- Since \(w) is divisible by g(w), it is divisible by R(w). 

| As noted above, wé(w) is a polynomial having the 
properties assumed for \(w) in the lemma, and hence is 
_ divisible by R(w). Since the coefficient of the highest 
_ power of w in w5(w) is --1, we conclude that that of R(w) 
is a divisor of -++1. Hence q is a number of F and 
_ may be made equal to be unity by dividing the terms of 
_ R(w) by it. 

_ Tueorem. Let A be any associative algebra over an 
infinite field F. If &, .... , & are independent vart- 
ables of F, the element x=Zéu; is a root of a uniquely 


4 


114 CHARACTERISTIC, RANK EQUATIONS  [cuap. vit 


determined rank equation R(w)=0 in which the coefficient — 
of the highest power w" is unity, while the remaining 
coefficients are polynomials in &,.... , & with coeffi- 
cients in F. Also, x 1s not a root of any equation of degree 
<r all of whose coefficients are such polynomials. . 

The integer 7 is called the rank of algebra A. 

CoroLiary. If A has a modulus e, the constant term : 
c of R(w) is not zero identically. ; 

For, R(w) divides 6(w), so that c divides 6(0) =A(x). — 
But A(e) =1 by the footnote in § 58. 

The theorem fails for finite fields. Consider the — 
algebra A =(w:, U2, U3) Over the field composed of the 
two classes of residues of integers modulo 2, where 
Ui=U;, Ujzuj=0( 72). The modulus of A is e=2u;.@ 
Either characteristic determinant is 


A=(&—w)(&—w) (&—w) . 


Evidently every element x of A is a root of w?=w. © 
Now | 
A=(w—o)(wtItéiitéi+é&)+p (mod 2), 
where 
p=sw— £88; , s=1+26,4+2&8,. 


Thus sx—é,&,£,e=o for every x in A. Another such 
linear equation satisfied by « is ov=o where o=(1—§&,) 
Ur =6;) (2—5,). | 

70. Let x be an element of A whose co-ordinates 
g., ... +, & are independent variables in F. As in 
§ 68, the rank equation R(w)=o of x is the minimum 
equation of matrices R, and S, (or of R¥ and S* if A has 
no modulus). The discussion* in § 67 is seen to hold 


* An indirect proof of the lemma consists in seeing that it is a trans- 
lation of that in § 60. | 
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when m is interpreted as one of the preceding four 
‘matrices, say R,, since the leading coefficient of ¢(w)= 
R(w) is unity, while the remaining coefficients are now 
polynomials in &,, .... , & with coefficients in FP. 
| THEOREM. The distinct factors irreducible in an 
infinite field F of the left member of either characteristic 
equation of x coincide with the distinct irreducible factors of 
the rank function R(w). 

71. Rank equation of a simple matric algebra. By 
$59, any m-rowed square matrix x=(x) with elements 
in F is a root of 


(31) R(w)=(—1)"| xj—dyw|=0, de=1,  dij=0(7A)). 


Let the x;; be ? independent variables of an infinite 
field F. We shall prove that R(w)=o is the rank 
equation. This will follow from the lemma in § 69 if 
we prove that R(w) is irreducible in F. It suffices to 
prove that its constant term +|x;| is irreducible in F. 
In view of the footnote in § 69, this follows from the 

Lemma. The determinant |x;| of n? indeterminates 
Bits; 7=1,-...-4:s, #) 18. @ polynomial f(r,’ Sin} = x @ <a> 
Xnn) which ts irreducible in every field F. 

Suppose that f is a product of two polynomials g and 
h with coefficients in #. Since f is of degree 1 in each 
indeterminate, we may assume that g is of degree o and 
h of degree 1 in x. No term of the expansion f of |x;)| 
contains the product of x,, by an element x,, of the first 
column. Hence g is of degree o in x, since otherwise 
%xX:. Would occur in a term of gh=f. Thus / is of 
degree 1 in x,;. Since x,,%,; does not occur in a term of 
gh=f, g is of degree o in every %;. 


116 CHARACTERISTIC, RANK EQUATIONS [cwap. vit 


THEOREM. The rank equation of the algebra of all 
n-rowed square matrices (xj) with elements in any infinite 
field is its characteristic equation (31). a 

Hence by § 70 the characteristic determinant of « is 
the mth power of R(w) apart from sign. | 

72. Rank equation of a directsum. Jf an associative 
algebra A with the modulus* e over an infinite} field F is @ 
direct sum of algebras A,, . . , A;, and if R(w) =o is ; 
the rank equation of A, and R; Fis\ne o is that of Aj, thems 
R(w)=Ri(w) . ey. | 

The co- ee Ey (j=1,.... , ) of the general 
element x; of A; are independent variables in F. The 
general element «= 2x; of A has as co-ordinates the” 
independent variables & (j=1,....,%i; t= 

, t)inF. If also y=2y,, then xy=2x;9;, whence: 


“4 


ea Dae o= R(x) =ZR(x;). 


Hence each R(x;)=0. By the lemma and the footnote 
in § 69, R(w) is divisible by the R;(w) and hence by their | 
least common multiple L(w) when the &, are indetermi~ 
nates. Write L(w)=R;(w)O;(w). Then L(x;) =o, whence” 
L(x) =ZL(x;)=0, so that L(w) is divisible by Ro) 
by the same lemma. The two results show that R(a) 
is the least common multiple of the R;(w). 7 
The theorem will therefore follow if we prove that no” : 
two of the R;(w) have a common divisor of degree > 0.) 
Suppose that R,(w) and R.(w) have a common divisor: 
D(w) of degree >o. Since R; (w) is of degree o in the 


* The theorem may fail if there is no modulus since the rank equation on | 
of a zero algebra is always w?=o. a 


+ The theorem fails for the algebra (tix) ® (12) @(u3), Wi=U; Over | 
the field of order 2, since its rank equation is linear (end of § 69), while 
that of (,) is a Emo. 4 


a | 
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£;, and R.(w) is of degree o in the &;, D(w) is of degree 


o in both sets and hence involves the single indeterminate 
-o. But 


R,(w) =a" +e" F+ 2... , 


where c,,... . are homogeneous polynomials in the 
£, and hence vanish when each £,;=0. Hence D(w) 
is a divisor w? of w". This is impossible since A, has a 
modulus and hence R,(w) has a constant term not zero 
identically by the corollary in § 69. 

73. Rank equation unaltered by any transformation 
of units. For an associative algebra A with the con- 
stants of multiplication yj, let R(w; &, yijz) =o be 
the rank equation which is satisfied by w=x, where 
“%=2éu; is the general element of A. Under a trans- 
formation of units (§ 61), let x become x’ =é/u}, and 
let R become p(w; £&, yijz). For w=x’, both p and R(a; 
'&, Yisx) are zero; unless they are identical, their differ- 
fence is zero for w=x’. Passing back to the initial units, 
we obtain a function of degree <r which is zero for w=x, 
contrary to the definition of r. Hence the rank equation 
‘is independent of the choice of basal units.* 


_ * Another proof follows from the theorems of §§ 62 and 70 and the 
fact that each irreducible factor of an invariant is an invariant. Com- 
pare Bocher, Introduction to Higher Algebra (1907), p. 218. 


CHAPTER VIII 


THE PRINCIPAL THEOREM ON ALGEBRAS 


74. Introduction. We shall prove that any associ-_ : 
ative algebra over a non-modular field F is either semi-_ 
simple or the sum of its maximal nilpotent invariant | 
sub-algebra and a semi-simple algebra, each over F. 
For the special case in which F is the field of all complex 
numbers, a more elementary proof is given in § 79. | 

We shall need to employ extensions of the given field” | 
F. In this connection, note that the theorem of § 66 
implies the | 

CoROLLARY. Let A be an algebra over a non- -modulal 
field F. Let F, denote any field containing F as a sub- 
field. Denote by A, the algebra over F, which has the same 
basal units* (and hence the same constants of multiplica- 
tion) as algebra A over F. Then A, is semi-simple if and 
only 1f A ts semi-simple. But if A has a maximal nil 
potent invariant sub-algebra N, that of A, is the algebra over 
F, which has the same basal units as N. 

75. Direct product of simple matric algebras. Let A! | 
be a simple matric algebra over F with the m’ basal 
units a;; such that (§ 51) . 


(1) Qjj2rs =O (j#r), Castiga Os (4, 7,1, SL rs Mm). 


Let B be a simple matric algebra over F with n? basal 
units 0,;(r,s=1,...., %), satisfying relations of. 


* They may be assumed to be linearly independent with respect to- 
F, by § 13. 


ee et Hibs 
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| type (1), such that each 6,, is commutative with every 
| ay and such that the mn? products a,b,; are linearly 
. : independent with respect to FP. 

| Then those products are the basal units of the direct 
| product A XB (§ 50). Take them as the elements of a 
matrix (¢,,) which is exhibited compactly as the com- 
_ pound matrix 


ones (Giybre ss &. we 


(053) nx (55) On i eae (0;;) Onn 


in which the entries themselves are matrices: 


_ ent eek aad. 
(3) (a;;)b,5= ‘ 


| From our two notations for the same element, we 
have 


P= Ajjbys = Ci+-m(r—1)) j+m(s—y) » 
| QO Aging = Ck+-mit—2) 5 14+m(u—-2) - 


Evidently PQ=o unless k=j, t=s, and then 


PQO=dijbyy = Cj4+-m(r—1)) l-+m(u—1) + 


| 

| 
) But k=j, t=s imply j7+m(s—1)=k+m(t—1) and con- 
| versely, since 7 and & are positive integers Sm. Hence 
}) the e’s satisfy relations of type (1) and are therefore the 
basal units of a simple matric algebra. 


_ TuHeorEM. The direct product of two simple matric 
|) algebras of orders m? and n? is a simple matric algebra of 


f 


} 


| order nen?, 


: 

76. Division algebras as direct sums of simple matric 
algebras. | 

TuEeorem. If D is a division algebra over a non-— 
modular field F, there exist a finite number of roots of equa-_ 
tions with coefficients in F whose adjunction to F gives a | 
field F, such that the algebra D, over F,, which has the same 
basal units as D, is a direct sum of simple matric algebras | 
over Fy. | 
Select any element x of D not the product of the | 
modulus e by a number of F. By § 60, x is a root of 
either characteristic equation, and hence of a certain 
equation ¢(w)=o of minimum degree s>1 having 
coefficients in FP. 

Let F’ be the field obtained by adjoining to F all the 
roots \;, ...., As of d(w)=o. Let D’ be the algebra 
over F’ having the same basal units as D. Then 
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Ye ee ie ee 


vowel 


(v—dye) . .. . (x—A,e) =(x) =O 


in D’. Since x is not the product of e by a number ); 
of F’ (footnote in § 74), no one of the x—),e is zero, and 
yet their product is zero. Hence D’ is not a division 
algebra by Theorem 4 of § 43. : 

The division algebra D is simple (§ 52). Hence by 
§ 74 D’ is semi-simple and (§ 40) is either simple or a 
direct sum of simple algebras over F’. Each such simple 
algebra is the direct product of a division algebra D; by 
a simple matric algebra, each over F’ (§ 51). The order 
of each D; is less than that of D’; this is evident for the © 
second case in which D’ was a direct sum, and also for 
the first case in which D’ was simple, provided the matric 
factor is of order >1; but the remaining case 7=1, 
D’=D,, is excluded since D’ is not a division algebra. 


Se ee eee Re TR Pe aT Si eas 
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If each D; is of order 1, our theorem holds for F, =F’. 
1 In the contrary case, we employ an extension F”’ of 
) F’ such that the algebra over F’’, having the same 
_ni(n;>1) basal units as D;, is not a division algebra. 
_ To it we apply the argument just made for D’. 

Since the division algebras introduced at any stage 
are all of orders less than those of the preceding stage, 
the process terminates, so that we reach a final stage in 
' which the division algebras are all of order 1. Each 
| division algebra of the prior stage is therefore a direct 
sum of simple matric algebras. Our theorem now follows 
from that in § 75. 

77. Theorem.* Jf A is an algebra having a single 
idempotent element e over a non-modular field F, then A can 
| be expressed in the form A=B+WN, where B is a division 
algebra and N is zero or the maximal nilpotent invariant 
sub-algebra of A. 

The theorem is obvious when A is of order 1, since 
then A =A-+o and A is a division algebra. 

To prove the theorem by induction, assume it for all 
algebras of type A which are of orders less than the order 
of A. 

We first show that we may take V?=0. Let N?#o 
and write 


(44) A=B’4+N, BIAN=0, N=NiAN?, NiAN?=0. 
Since AN?=AN-NSN-N and N?A SN’, N? is an in- 
variant sub-algebra of A. 

The classes} (x) of A modulo N? are the elements of 
A—WN?. In particular, the classes (m,), each uniquely 


| * In § 79 there is a far simpler proof for the case of algebras A over 
_ the field of all complex numbers. 


+ The notation (x) marks the distinction from classes [x] modulo WV. 
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determined by an element 7, of N,, form the maximal i 
nilpotent invariant sub-algebra (V,)=N—WN? of A—N?. | 
Let (B’) denote the set of classes modulo N? determined 
by the elements of B’. Then, by (4), 


A—N?=(B')+(N)). | 


Since V?o, the order of A —N? is less than that of | 
A and hence, by the hypothesis for the induction, we can _ 
choose a division sub-algebra (B’’) of A—N? such that © 


A—N?=(B")+(N)). 


Write C=B’+N,. Then, by (4), A=C+N?,@ 
CAN?=o0. Those elements c of C, for which classes 
(c) modulo N? belong to (B”), form a linear set B” of A. — 
But we saw that, when either (B’) or (B’’) is added to 
(V,), we get A—WN?, whence (B’’)=(B’) modulo (N,). 
Hence B’’=B’ modulo N, so that A = B’’+N by (4). 

We had (B”)?=(B”) in A—N?. Hence B’?=B" 
modulo NV? in A. Since JN? is invariant in A, : 


(B’+N2)?< B+ N?. 


Hence A’=B’’+N? is an algebra. It is a proper sub- | 
algebra of A, since A’< B’+N=A by N’?<N. . 
Finally, N? is a maximal nilpotent invariant sub- — 
algebra of A’. For, if B’’ had a properly nilpotent ele- — 
ment, (B’’) would contain a properly nilpotent element, — 
whereas it is a division algebra. Hence by the hypothe- — 
sis for the induction, there exists a division sub-algebra 
B of A’ (and hence of A) such that A’=B+N?. But 
A’=B”4+N?. Thus B=B” modulo N? and hence also ~ 
modulo NV. Hence A=B’’+WN implies A=B+N. 
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It remains to prove the theorem when N?=o, a 
property utilized only at the end of the proof. 

By § 38, D=A-—N is semi-simple and has a modulus. 
It has no other idempotent element since A has a single 
one. Hence by Corollary 1 of $43, D is a division 
algebra. 

By § 76, we may extend the initial field to a field FP, 

such that the algebra D, over Ff, which has the same 
basal units as D, is a direct sum of simple matric algebras. 
Denote by A, and JN, the algebras over F, which have 
the same basal units as A and JN, respectively. By 
§ 74, N, is the maximal nilpotent invariant sub-algebra 
of A,. Hence A,—N,=D,. 
By § 54, A: contains a sub-algebra C equivalent to 
= A,—N,, whence A,=C+N,,CAN,=0. Lete,...., 
e, be a set of basal units of C. Since A—W is of order 
c, the basal units of NV (or N,) together with certain c 
elements a,,.... , @ of A form a set of basal units of 
A (or A,). Hence we may write 


(5) = > aijajtmi CoS eae F 
jJ=I 


where the ; are elements of N,, and the a;; are numbers 
of F, whose determinant is not zero (otherwise, as in 
§ 5, a linear combination of ¢,, . . . . , @ would belong 
to N,, contrary to CAN,=o0). Solving (5), we get 


(6) a= > Bi(ej—nj) ($25... 6 oie 
j=l 


where the 8; are in F, and their deterniinant is not 
zero. Write 
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| (7) oji= > Bes 4=1, ees : ay c): 
j=I 


Since the ¢ are basal units of algebra C, 


Cc 
(8) citoe= > Yann (7, REE Oe ed, 
t=1 


We may express (6) in the form 
(9) G=a+y; VE) Cope iee atari. 2 
where »; isin V,. Since N, is invariant in A,, 
Aj Ay = WET Nik y 


where nj, and n% below are in N,;. Hence, by (8) and (9), 

Cc Cc 

aja, = > vinart nh ’ Nik = Nip — vie : 

= t=1 
But the product a;a, of two elements of A can be 
expressed in one and only one way as a linear combina- 
tion, with coefficients in F, of the basal units of A, which 
are composed of those of V and a,,.... , @. Hence 
the y;z; are numbers of F. 3 
But F, was derived from F by the adjunction of a — 
finite number of roots of equations with coefficients in 
wi Hence’ Fi =F (E,, &., 2... .)) where 3; €5-by ov ae 
are linearly independent with respect to fF. We may 
- therefore write ; 


Vig =Vio tb Vjrer t+ Vj2est tie bos 


where the v;; arein VN. Write 


Zj =A; + Vo , B=(g,, S25 oe ee ee Bhs 
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where z;isin A and Bisa linear set of elements of A over 
'F,. Hence A=B+WN. Using also (9), we get 


W=BtG, = Y= —Vj—Vjion=VarkitVngst . 1... 


k Substituting in (8), we get 
(zi+1;) (gem) = > vielen) 
t=I1 


| Since njnz,=0 by N?=o0, the left member is the sum of 


| 232, (which is in A and hence is free of &, &,....) 
and the linear homogeneous function 2,n,+n;2% of 
a Equating the parts free of &, £,...., 
we have 
Zip = > Vitesse 
t=1 


Hence A is the sum of the algebras Band N. It was 
noted above that A—N=B is a division algebra. 
78. Principal theorem. Any associative algebra A 
over a non-modular field F, which is neither semi-simple 
nor nilpotent, can be expressed as the sum of its maximal 
nilpotent invariant sub-algebra N and a semi-simple sub- 
algebra K over F, which is not a zero algebra of order 1. 
While K is not unique, any two determinations of tt are 
~ equivalent. 
By $57, A has a principal idempotent element u and 


A=N,+uAu, NSN, 


_while if there is a maximal nilpotent invariant sub-algebra 
_ of wAu, it is contained in N. Hence our theorem will 
_ follow for A if proved for wAu, which has the modulus w. 


eS a 
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It remains to prove the theorem for algebras A’ 
having a modulus. By § 38, A—N is semi-simple and 
has a modulus. 1 

First, let A—N be simple. By $55, A=M xB, 
where M is a simple matric algebra and B is an algebra 
having a modulus, but no further idempotent element. _ 
By $77, B=D+N,, where D is a division algebra and q 
N, is zero or the maximal nilpotent invariant sub- | 
algebra of B. By §56, N=MXN,. By §52, MXD@ 
is simple and is not a zero algebra of order 1. Hence | 
A=Mx(D+N,) is the sum of the simple algebra ; 
MxD and N. ; 

Second, let 4—N be semi-simple, but not simple. | 
By §57, 4=N’+S, where N’SN and S is the direct | 
sum of algebras A,,.... , As, where each 4; is of ; 
the type M@ XB just discussed and hence is the sum of a~ 


qj 


simple algebra K; and NV;, where N; is zero or the maximal ' 


nilpotent invariant sub-algebra of A; if it exists. More- a 
over, N=N’+2N;. Hence A=K+N, where K=2K;7 


C of all complex numbers a+ 07 is called complex. | 

A complex division algebra D is of order 1 and is — 
generated by its modulus. For, if f(w) =o is the equation q 
of lowest degree satisfied by an element x of D, f(w) is — 
not a product of polynomials f,(w) and f,(w) each of — 
degree 21, since f;(x)f.(x) =o implies that one of f,(”) © 
and f,(x) is zero in the division algebra D. But if f(w) — 
is of degree >1, it is a product of two or more linear — 
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‘factors in C. Hence f(w) is of degree 1 and x is the 
_ product of the modulus by a complex number. 

Every complex simple algebra, not a zero algebra of 
_ order 1, is a simple matric algebra. For, by § 51, it is 
_ the direct product of a division algebra (here of order 1) 
_ by a simple matric algebra. 

_ A complex semi-simple algebra which is not simple 
is a direct sum of simple matric algebras (§ 40). 

_. The characteristic and rank equations of any semi- 
simple complex algebra are known by §§ 71, 72. 

We are now in a position to give an elementary proof 
| of the principal theorem that every complex algebra with 
| a modulus is either semi-simple or is the sum of its maxi- 
/ mal nilpotent invariant sub-algebra and a semi-simple 
-sub-algebra. In the proof in § 78 of a more general 
theorem, use was made of the theorem in § 77 which 
| may be proved far more simply for a complex algebra A. 
We may assume that the order of A is r>1. Then A 
is not simple since a simple matric algebra of order 
'r>1 contains idempotent elements ¢;; other than its 
modulus 2Ye;;. In a semi-simple algebra which is not 
simple, the modulus of each component simple algebra 
is idempotent. Since A is not semi-simple, it has a 
, maximal nilpotent invariant sub-algebra V. But A—WN 
/is a complex division algebra (middle of § 77), which is 
therefore of order 1. Thus JN is of order r—1. Hence 
_A is the sum of WN and the division algebra generated by 
| the modulus of A. 

For normalized basal units of any complex algebra, 
| see chapter x. 


sl 


CHAPTER IX 
INTEGRAL ALGEBRAIC NUMBERS 


80. Purpose of the chapter. We shall develop those | 
properties of algebraic numbers which are essential in 4M 
providing an adequate background for the theory of the | 
arithmetic of any rational algebra to be presented in the | 
next chapter. The latter theory will there be seen q 
to be a direct generalization of the theory of algebraic _ 
numbers. | 

In order to make our presentation elementary and | 
concrete, we shall develop the theory of quadratic 
arene before taking up algebraic numbers in general. 

. Quadratic numbers. Let d be an integer, other 

a nes which is not divisible by the square of any © 
integer >1. As explained in $1, the field R(V d) is d 
composed of all rational functions of V ‘d with rational | 
coefficients. Such a function can evidently be given 
the form 
ON etfVd ‘d 

- gthVd’ 


where ¢, f, g, # are rational numbers, and g and / are not — 
both zero. Multiplying both numerator and denomina- — 
tor by g— hV d, in order to rationalize the denominator, : 
we obtain g= nabi a: where a and 0 are rational. Evi- — 
dently g and a—bV d are the roots of | 


(zr) x?— 2ax-+ (a?—db?) =o, 


whose coefficients are rational. For this reason, q is ; 
called a quadratic algebraic number. 4 
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| We shall assume that the coefficients of (1) are in- 
| tegers, and in that case call the root g a quadratic integer. 
Then 2a and 4(a?—db?) are integers. Thus 4db? 
is an integer. But d is an integer not divisible by a 
| perfect square >1. Hence 40? has unity as its denomina- 
- tor, so that it and 26 are integers. Thus a=ja, b=48, 
where a and £ are integers. Since a?—d0? shall be an 
integer, a?—d6? must be a multiple of 4. 

If d is even, a? must be even and hence a multiple of 
4. Thus also df? must be a multiple of 4. But d is 
not divisible by the square 4. Hence 6? is even. Thus 
a and B are both even. Hence, if d is even, g is a quad- 
ratic integer if and only if a and 6 are both integers. 

If d is of the form 4k+3, then a?—d? and hence 

also a?+ 6? must have the remainder zero on division 

_ by 4. According as an integer is even or odd, its square 
has the remainder o or 1. Hence a and 8 are both even. | 

If d is of the form 4k+1, then a?—d§?, and hence 
also a?— 6?, must have the remainder zero on division 
_ by 4, so that a and £ are both even or both odd. Hence 
g=a+bV d is now a quadratic integer if and only if 
a and 6 are both integers or both halves of odd integers. 

These two cases may be combined by expressing gq in 

_ terms of the quadratic integer @ defined by 


() vn Goa 


instead of in terms of V d itself. First, if a and 6 are 
_ integers, then x«=a—b and y=20 are integers and 
 q=x+y0. Second, if a=3(2r+1) and b=4(2s+1) 
E are halves of odd integers, then x=r—s and y=2s+1 are 
_ integers and g=x+y0. 


ve 
ok 
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THEOREM 1. If d is an integer 1, not divisible by 
a square >t, all quadratic integers of the field R(V d) are 
given by x+y0, where x and y are rational integers and 4 


6=V d when d is of one of the forms 4k+2, 4k+3, while 


6 is defined by (2) when d is of the form 4k+1. 


The quadratic integers of R(V d) are said to have the 
basis 1, 8 since they are all linear combinations of 1 and @ | 
with integral coefficients x, y. Note that every number _ 
of the field is expressible as a linear combination r+ 1+ | 


s@ with rational coefficients 7, s. 


THEOREM 2. The sum, difference, or product of any | 
two quadratic integers of the field R(V d) is a quadratic | 


integer. 


For, if x, y, z, w are all integers, the sum of g=x+y0 | 
and t=z+w6isr+s0, where r=x+z and s=y-+wareinte- | 
gers. Likewise, g—¢ is‘a quadratic integer. Finally, the | 
product gt is the sum of xz+(xw+yz)@ and yw, and, — 
by the previous result, will be a quadratic integer if — 
@?, and hence also yw@, is one. The latter is evident — 
if 9=V d, and is true also for case (2) since then #@ =0+k, — 


where k=}(d—1) is an integer. 


82. Algebraic numbers. We shall generalize the . 
preceding concepts and theorems. When the coefficients — 


of an algebraic equation are all rational numbers, the 
roots are called algebraic numbers. For an equation 


(3) xt@taax™t+t+ 2... +a,=0 


with integral coefficients, that of the highest power of : 
x being unity, the roots are called integral algebraic — 


numbers. 


: 
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Note that any integer a is the root of the equation 
“+a=o of type (3) and hence is an integral algebraic 
number. . 
THEOREM 3. If an integral algebraic number a is a 
| rational number, it is an integer. 
| For, if a=b/d, where 6 and d are integers without a 
/ common factor >1, and if a is a root of (3), then, by. 
- multiplying its terms by d”~', we get 

; F. 


nN ; ¥ “0 
— = —a,b"-!—a,db"-?— 2 8 —a,d"-? e 


d 
Since the right member is an integer, we conclude that 
d=+1. Hencea==+6 is an integer. 

We have the following generalization of Theorem 2: 
| THEOREM 4. Any polynomial f(a, B,.... , x) with 
_ integral coefficients in any integral algebraic numbers a, B, 

. , k ts ttself an integral algebraic number. 

For, let a be a root of equation A (a) =o of degree a, 
6B a root of B(B)=o of degree 6, ...., and «x a root 
of K(x) =o of degree k, where each equation has integral 
coefficients, and the leading coefficient is unity. Write 


mead... .k: and denote: by a... 5 @n these 
numbers 7 
gl ye ae (CeO a ae 
Op 820) Be cia ancy BEES Ce 
_ arranged in any fixed order. By means of A(a)=o, we 
_ Can express a’,a’*?, . . . . as polynomials in a of degree 
_ <a. Hence by means of A(a)=o0,...., K(k)=0, 


» we can express the products w;f in the form 


Wi f = Cixi +Cji202+ rae wae + CinWy @=1, Fie ah n), 
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where each cy is a polynomial with integral coefficients © 


in the coefficients of f, A, ...., K, so that each cy9 
is an integer. ‘Transposing the left members, we obtain © 
n linear homogeneous equations in w,,.... , Wa, the 
first step in the solution of which by determinants gives — 
Daero: . &.. , Dey=0; where i 

Cr —f Cr2 . ‘ is 

ae Cox ae 
Cux Cn2 . Se ee 


Hence D=o. Multiplying the expansion of D by > 
(—1)”", we get an equation /”+ .... =o with integral | 
coefficients and leading coefficient unity. Thus / is — 
an integral algebraic number. : 

83. Reducible polynomials. If we have an identity — 


(4) f(x) =frlx) fala) 


between three polynomials with rational coefficients — 
such that f,; and f, are of degrees less than the degree of /, | 
we call f(x) reducible. If no such identity exists, f is © 
called irreducible. | 

THEOREM 5. A reducible polynomial f(x) with integral 
coefficients and leading coefficient unity is a product. of — 
iwo polynomials with integral coefficients and leading — 
coefficient unity. : 

By hypothesis, we have an identity: (4). Let a be@ 
the coefficient of the highest power of x in f; and write 
fr=ag(x), fo=a h(x). Then f(x)=g(x)h(x), where g — 
and h have rational coefficients and have unity as the © 
coefficient of the highest power of x. | 
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The roots a; of f(x) =o are integral algebraic numbers. 
mCertain of them, say a:,...., a,, are the roots of 
g(x) =o, whence 


g(x) =(x—ax)(w—as) . . . . (way). 


Computing the product of the factors, we see that the 
coefficients of g are equal to 


I, —(a:+ ete 2, @ +a,), :0-+ a;a;-+ €)- 6936 24 “Up sighs 


es (4) arte oo es 


which are therefore integral algebraic numbers by 
Theorem 4. But the coefficients of g are rational num- 
bers. Hence by Theorem 3 these coefficients are integers. 
Similarly for the coefficients of h. 

Theorem 5 is evidently equivalent to 

Gauss’s LEMMA. If x"+a,x"""+ .... has integral 
coefficients and 1s divisible by x’+cen7'+ ....4G 
(in which c,.... 4, C are rational numbers, then 
Gy, .... , Care integers. : 

84. Normal form of the numbers of an algebraic 
field. Consider the field R(a) composed of all rational 
functions with rational coefficients of a root a of an alge- 
braic equation A(x)=o with rational coefficients. In 
case A(x) is reducible, it has an irreducible factor which 
vanishes when «=a. Hence a satisfies an irreducible 
equation {(«) =o of degree m with rational coefficients. 

Any number of R(a) is by definition of the form 


_ (a) 
3 (5) r(a) ~ h(a) ’ h(a)¥o, 
_ where g(x) and («) are polynomials with rational coeffi- 
cients. The usual process for finding the greatest com- 


ha 
at 


a 
Ne 
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mon divisor d(«) of f(x) and h(x) involves only multipli- — 
cations and subtractions. Hence d(x) has rational ~ 
coefficients. Since d(x) is a factor of the irreducible 4 
function f(x), either d(x) is a constant co or else is — 
cf(x). The latter alternative is here excluded, since q 
it would imply that a is a root of d(x) =o and hence of 7 
h(x) =0, contrary to (5). Hence we may take d(x) to — 
be 1. By I of § 113, the greatest common divisor d(x) 4 
of f(«) and h(«) is expressible linearly in terms of them, — 
whence q 


1= o(x) + f(x)+7(«) - A(x), 


where o(x) and 7(«) are polynomials with rational q 
coefficients. Taking x=a in this identity, we get | 
t= t(a)k(a). Hence (5) gives r(a)=g(a)r(a). From — 
this product we may eliminate a”, a”+t, . . . . by means | 
of f(a) =o and obtain | 


(6) r(a)=rotratraatzt .... $ry-10", 


in which the coefficients 7; are rational numbers. : 

If there were two such expressions (6) for r(a), the — 
coefficients of like powers of a must be equal. For, if @ 
not, a would satisfy an equation h(x) =o with rational ~ 
coefficients whose degree is Sn—1. Then the greatest © 
common divisor d(x) of f and / is not a constant (in a 
view of the common root a) and hence would be cf (x), 4 
as shown above. But cf(x) is of degree m and is nota 
divisor of h(x). | a 

THEOREM 6. If a 1s a root of an irreducible equation 4 
of degree n with rational coefficients, every number of the — 
field R(a) can be expressed in one and but one way in the — 
normal form (6). The field is said to be of degree n. 7 
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For n=2, this theorem was proved very simply in 
BS 81. 

_ The final step in the foregoing proof led to the useful 
‘result: 

THEOREM 7. If two equations h(x)=o and f(x)=o 
with rational coefficients have a root in common, and if 
f(x) is irreducible, then f(x) is an exact divisor of h(x). 
COROLLARY. An irreducible equation f(x)=o with 
i rational coefficients has no multiple root. 

For, it would then have a root in common with 
: f ‘(x) =O. 3 
85. Normal form of the integral algebraic numbers 
of a field. Consider any algebraic field R(a), where a 
is a root of an irreducible equation 


am oo... ag =O 


with rational coefficients. Wemay express d;,...., Qn 
as fractions with the common denominator d, where d 
and the numerators are all integers. Then 


(da)"+-da;(da)""*+ .... +d"a,=0, 


so that @=da isa root of an equation {(«) =o with integral 
coefficients da,, d7a.,.... , d"dy, and leading coeffi- 
cient unity. Hence @ is an integral algebraic number 
belonging to R(a). Evidently our field is identical 
with R(@). 

By § 84, each number of R(@) may be given the form 


: (7) p=rotrO+reaPt 2... H%_—10"*, 


where the 7; are rational numbers. 


136 INTEGRAL ALGEBRAIC NUMBERS | [cuap. 1x__ 


Let @;, 6 ss @ , 0g, be the remaining roots of the 
foregoing irreducible equation f(x)=o satisfied by 8, 
and write 


Pr =fotrO,+7,8+ er ‘bY pe, 

ee a ee 
Pam—t =o 119g —1 7h oe Beg ee A 
The coefficients of the polynomial form ¢(y) of the 


product 
(y—p)(y— px) eg ee (Y— px—1) 


are symmetric functions, with rational coefficients, | 
of the roots 6, 6:, . . . - , On—1 of f(x) =o, having integral | 
coefficients, and hence are equal to rational numbers. — 

Let A(y) =o be the irreducible equation with rational | 
coefficients and leading coefficient unity which has the | 
rootp. By Theorem 7, $(y) is divisible by \(y). Unless 
d=, the quotient q(y) of ¢ by A vanishes for one of p, | 
Pr, - + ++, Pnu~x and hence for p itself as we shall next} 
prove. For, if g(pi)=0, q(r+nztrz+ ....) van- | 
ishes for z=6; and hence by Theorem 7 has the factor 
f(z) and therefore vanishes for z=0@. This proves that 
g(y) vanishes for y=p, and hence has the factor A(y). - 
Proceeding as before with the present quotient, we see — 
in this way that ¢(y) is an exact power of A(y). 

We now assume that p is an integral algebraic num- — 
ber, so that it satisfies an equation u(y) =o with integral © 
coefficients and leading coefficient unity. Then, by 
Theorem 7, u(y) is divisible by the irreducible function | 
(y) which also vanishes for y=p. By Gauss’s lemma — 
(§ 83), the coefficients of A(y) are all integers. The 
same is therefore true of its exact power ¢(y). The — 
latter vanishes for p, px, . . - - » Pn—z, Which are there-_ 
fore integral algebraic numbers. 
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The determinant of the coefficients of ™, 7, .... 
| {m—-x in (7) and (8) is 


Pook @? PPE | achat 


(0) ees G aie ee 


I Fee “a ioe Sak Veer ah 


j By the interchange of any two of 6, 0,,.... , On-1, 
the corresponding two rows of A are interchanged, so 
that A becomes —A, and A? is unaltered. In other 
words, A’? is a symmetric function of the roots 0,6:, .... 
of the equation f(x) =o having integral coefficients and. 
leading coefficient unity. Hence* A? is an integer d. 
It is easy to factor the determinant A in which, for 
_ the moment, we regard 0, 6,,... . as independent 
variables. If-@=6,, the first two rows are alike and A 
vanishes, whence A has the factor @—6,. In this way, 
and by counting the total degree in 0, 0,, .... , wesee 
that A? is the product of the squares of the differences 
m0. 0.) .'.,.0,—,, so that d is the diecrimmene ce 
f(x)=o. Hence, by the corollary in § 84, the integer d is 
not zero. 7 
; We now solve equations (7) and (8) for 7; by the 
~ usual method of determinants. Denote by A, the deter- 
minant obtained from A by replacing the elements 6°, 
6, .... of the (s+1)th column by the left members 
a Se ee ee Hence, Av;=A;. Thus dr,=AA;=c;. 
Since c; is a rational number dy,, and is also a polynomial 
_ AA, with integral coefficients in the integral algebraic 
4 Members 0.0). oy 6; Onna Dp a ee ae ee 
4 hence is itself an integral algebraic number by Theorem 4, 


* Dickson’s First Course in the Theory of Equations (1922), p. 130. 
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‘’ 
_ 


it follows from Theorem 3 that c, is an integer. From 4 


r,=c;/d and (7), we get 
(10) p=(CotcO+c.62+ . 2... +6,—10"-*)/d. 


Turorem 8. Every algebraic field of degree n is 


identical with the field R(@) defined by one of its integral 


algebraic numbers 0. Every integral algebraic number of | 
R(0) can be expressed in one and only one way in the 
normal form (10), where Co, ... +, Cnr are integers, | 
while d is a fixed integer ~o determined by 6. In fact, | 
d is the discriminant of the irreducible equation satisfied 
by 6 and having integral coefficients and leading coefficient — 


unity. 


tion of Theorem 1: 


THEOREM 9. In any algebraic field R(@) of degree n 


there exist n integral algebraic numbers wy=1, W2,.... ; 


Wn such that every integral algebraic number p of the field © 


is expressible in one and only one way in the form 


(11) PHQrWrt 2.» . Onn, 


where q:1,....+ 4 Qn are integers. Then w,...., Ont 
are said to form a basis of the integral algebraic numbers — 


of the field. 


Since the proof* applies also to the analogous question — 
for a rational algebra in place of our field ($ 95), we shall — 
employ a notation suitable to both situations. Accord- — 
ingly, we write u;=1, u.=0, u;=0, 2... 2, Up= "7? ; 
Then every integral algebraic number (10) of the field — 


may be given the notation 


* For a geometric proof see Minkowski, Diophantische A pproxima- 
tionen (1907), p. 123. 


86. Basis. We shall prove the following generaliza- | 
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(2) p= aucbastet tatty) /d, 


Bewhere ad,,... . , @ are integers. 


First, the integral algebraic numbers (12) having 


(@,=0,.... , @,=0 are rational numbers a,/d and 
. hence are integers by Theorem 3. Thus they are prod- 
ucts of w,=1 by integers g, and hence are of the form (11). 


Second, the integral algebraic numbers* (12) having 
@,~#0 and a;=0,.... , @,=o may be denoted by 


_ au, t+ bu, — , @uz+b'u, 


(13) sche TE” ERIE ae d ’ 


/ 
fo Oat ths 


WO. = d fe Sc 
The greatest common divisor of 6, b’, b”,....is a 
function cb+c’b’+ ... . of them with integral coeff- 
Bients¢,c’,.... (I, § 1123). Hence cw,+c'w, 


is an integral algebraic number of the field and therefore 
is one of the numbers (13) lacking u,,....., Un. We 
“may assume that it is the first one w,, since the arrange- 


ment of the numbers (13) is immaterial. Hence 0 is a 
mevsor of 0", 2 |. 2im (13). 
Similarly, for any 7 <7, the integral algebraic numbers 


(12) having a;¥0, aj4;=0, ...., d=o [including 
certainly all numbers (12) in which also a, .... , @; 
are integral multiples of d| may be denoted by 


W=(dm+ .... ooo i 
=(diu,+ . «TOE 5 Vs Sie 


RAs before, we may assume that b; is the greatest common 
_ divisor OF Oi, Be ee 


* There exist such numbers, for example, r-+s6, where 7 and s are 
integers, which is obtained by taking a,=rd, az=sd, ai=o (i>2). 
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The resulting numbers w;, .... , @n form a basis. 
For, every integral algebraic number p of the field is of 
the form (12). Then, if 7 


Deeg Eth ss ss Patty —2)/E, j 
Wy = (hyuy+ ay ees tenn) /d 


hy, is a divisor of dy; let qn be the quotient. Hence 
Pr=P— nn 
lacks uw, and is therefore of the form 
Pr de «oh fe 


Similarly, g,—1 is a divisor of J, -,; let gn—z be the quotient. — 
Hence p2= pr — Qn—1@n—1 lacks both u,_-; and uy». Proceed- | 
ing in this manner, we see that 


— Qn©n— Un—-1©n-1 ponies she — rx . 


lacks u;, ...., u,andhenceiszero. This proves (1 1). 

Corottary. Every number a of the field is expressible 
in one and only one way in the form (11), where qr, . . «+ 5 
Qn are now merely rational numbers. 7 

For, by the first part of § 85, the product of a by ag 
suitably chosen integer is an integral algebraic number, — 
so that the product is a linear function of the w’s witha 
integral coefficients. 


cola ha I 


CHAPTER X 


THE ARITHMETIC OF AN ALGEBRA 


aaa nais ee SIE ATER 5s ERE s : 
yrs =~-aprer=--ceeeaapes sper teenetarean tenet er ennser eee sesapeRere Bh Fae dat 
a ir wal a —ae Re eT IT eee PRT Tee a a 


NET 


We shall develop a simple theory of the integral 
‘elements of any algebra, thereby generalizing the classic 
eory of integral algebraic numbers. The older defini- 
| tions of the integral elements of an algebra are shown to 


“be wholly unsatisfactory ; not a single general theorem 
' 


< nie 


~was obtained from them. 
| | We shall develop early Hurwitz’ theory of integral 
|} iquaternions in a much simplified form in order that the 
‘reader may understand from a concrete example the 
jnature and properties of the arithmetic of an algebra. 
We shall then develop the remarkable new theory for 
Vfany algebra, an outline of which is given in § 92. 
_ This theory furnishes a new method of solving com- 
‘ipletely various types of Diophantine equations, which 
thave not been solved by other methods; lack of space 
‘restricts us to a single typical illustration (§ 106). 
‘| 87. Integral elements, case of algebraic numbers. 
Let A be any associative algebra, having a modulus 
designated by 1, over the field of rational numbers. 
‘jEach element of a set of elements of A shall be called an 
integral element if the set has the following four properties: 
)_ R (rank equation): For every element of the set, the 
oefficients of the rank equation” are all integers. 
C (closure): The set is closed under addition, sub- 


traction, and multiplication. 


; 
3 * The coefficient of the highest power of the unknown is always 1 


(s -. By an integer is meant a whole number. 
I4I 
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U (unity): The set contains the modulus 1. | 

M (maximal): The set is a maximal (ie., it is not: 
contained in a larger set having properties R, C, U). | 

Some reasons are indicated in the footnote of § 96 
why it might be desirable to require also the property 
that each set shall be of the same order as A; this 
property is actually assumed only in § 97. 

We proceed to illustrate this definition for the impor 
tant case in which the algebra is any algebraic fiel 
R(6) of degree n. By the theorem and corollary of 
§ 86, that field contains m integral algebraic numbers 
U,=I, Uz, .... , Un such that every integral algebraic 
number x of the field is expressible in one and but one 
way in the form 


(r) e=Etit 2... Heth, 


where £,, .... , & are integers, while every number % 
of the field is expressible in one and only one way ir 
the same form (1), where now the &; are merely rationa 
numbers. : 

By Theorem 4 of § 82, the product of two integra 
algebraic numbers wu; and uw; is an integral algebraic 
number. Hence by the preceding result, | 


nN 
(2) Uju; = > seh (4, 7=1, ee ee ae n), 
k=1 


where each y is an integer. The field R(@) is therefor® 
an algebra of order m over the field R of all rationa: 
numbers with the set of basal units m4, .... , Um ane 
multiplication table (2). 
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By § 60, x is a root of the first characteristic equation 
6(w)=o of degree m. When the co-ordinates & of x 
in (x) are arbitrary rational numbers, 6(w) has rational 
coefficients and is irreducible in R. For, if reducible, 
it would continue to be reducible when we give to the é; 
the values of the co-ordinates of 6, whereas 6 was assumed 
to satisfy an equation of degree m irreducible in R and 
hence, by Theorem 7 of § 84, @ satisfies no equation of 
degree <™m with rational coefficients. This proves that 
the rank equation is (—1)"6(w) =o. 

The coefficients of 6(w) are polynomials in the &; and 
the yijz with integral coefficients and hence are integers 
when the é; are all integers, i.e., when x in (1) isan intents 
algebraic number. 

_ Hence the set S of all integral algebraic numbers 
of any algebraic field R(@) has property R. It has 
property U since u,=1. It has property C by Theorem 4 
of § 82. 

— Next, any set of ies x of the field R(@) which 
has properties R, C, U is either S or a sub-set of it. 
For, by R, the coefficients of the rank equation of x 
are integers and the coefficient of the highest power of 
‘the unknown is unity (§ 69). Hence x is an integral 
algebraic number. 

_ Thus S is the unique maximal set. 

THEOREM. If an algebra 1s an algebraic field, tts 
unique maximal set of integral elements is composed of ail 
the integral algebraic numbers of the field. 

‘ 88. Units, associated elements, and arithmetics. Two 
integral elements of an algebra A whose product is the 
‘modulus t are called units of A. Any product of units 
isaunit. For, wu,=v,=ww,=1 imply wow + w,dyu,=1. 
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If « is an integral element and if w is a unit, then «uw 
and ux are called right and left associates of x, respectively © 
If also wu’ is a unit, x is said to be associated with uxu! 
Associated elements play equivalent réles in questions 4 
of divisibility. For instance, if also v and w are units 
whose product is 1, x=yz implies uxu’=uyv- wen’. | 

For example, if j-V Es 1, the field R(z) is a rationa’, 
algebra of order 2 whose “ntdetal elements are x=a+bi_ 
where a and 0 are integers (§ 81). Then x is a unit i§ 
its product by a—bi is unity. There are exactly four 
units, viz., +1, +7. The four associates of x are +9: 
and -ix= F(b— at). 7 

If in an algebra A the integral elements whose 4 
determinant” is not zero may be associated in the fore | 
going sense with the various integral elements of a sub] i 
algebra, we shall say that the latter elements form ar 
arithmetic associated with the arithmetic of A. ] 

89. Example. Consider the rational algebra A wi i 
two basal units 1 and e, where e? =o. ‘The rank equation 
of x=a+be is (x—a)?=0, whose coefficients are integers 
if and only if a is integral. The unique maximal set oF 
elements having properties R, C, U is evidently composeq 
of the x=a+be in which a is integral and 6 is rational” 
Every such x is therefore an integral element of A. : 

For any rational k, w=1-+ke is a unit since its produc] 
by another integral element 1—e is 1. , 4 

Let ao and take k=—b/a. Then xu=a. Hen. 
if the determinant a? of x is not zero, x is associated witl 
the integer a. Thus x can be decomposed into prime! 
in only one way apart from unit factors. 


* Either A(x) or A’(«) may be understood since both are simultan ca 
ously not zero or both zero by the footnote in § 58. 
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_ Hence the arithmetic of algebra A is associated with 
| the ordinary arithmetic of integers. 

| This result illustrates the fundamental theorem 
' (§ 104) that the arithmetic of A is associated with that 
of the sub-algebra whose elements are derived by sup- 
pressing the components (here be) which belong to the 
| maximal nilpotent invariant sub-algebra of A. 

| go. Failure of earlier definitions of arithmetics. Du 
| Pasquier* defined a set of integral elements of a 
/ rational algebra A to be one having properties C, U, M, 
and (in place of R) 

_ B. The set has a finite basis (i.e., it contains elements 
“Q1, - » - - » g:Such that every element of the set is expres- 
sible in the form 2c;g;, where each c; is an integer. 

__ We shall test this definition by the special algebra — 
‘in $89. Then any set having properties B, C, U is 
readily seen to have a basis 1, g=r-+se, where r and s 
are fixed rational numbers and so. Since @ is in the 
set by property C, we must have q?=a+bq, where a 
and 0 are integers. This equation is equivalent to 


r?=a+obr, ars=bs. 


Hence 2r=b, 2 =—a. If the rational number 7 werevnot 
i integral, its square would not be equal to the integer 
. —a. Since r is integral, the basis 1, g may be replaced 
_by 1, g—r. Hence every set has a basis of the form 
_ 1, se, where s is rational and o. 

This set, designated by (1, se), is evidently contained 


| * Vierteljahrsschrift Naturf. Gesell. Ziirich, LIV (1909), 116-48; 
Penseignement math., XVII (1915), 340-43; XVIII (1916), 201-60. 
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set. In other words, the algebra does not possess integral 
elements. 4 

Suppose we omit the requirement M and define the 
integral elements of our algebra to be those of any chosen 
one of the infinitude of non-maximal sets. It has been 
proved by the author* that factorization into indecom= 
posable integral elements is not unique and cannot be 
made unique by the introduction of ideals however 
defined. : 

The same insurmountable difficulties arise for sets 
having properties B, C, U’, M, where f U’ requires that 
the set shall contain all the basal units, one of which is 
the modulus (1 and e in our example). This definition 
was employed by A. Hurwitz for the arithmetic of quater- 
nions (§.91). Since now e shall occur in the set (1, se), Ss 
must be the reciprocal of an integer. Then also 4s, 4s, 
. ... are reciprocals of integers. Hence (1, 3se) is a 
set containing (1, se), and as before there is no max-’ 
imal set. 

Note that the aggregate of the elements in the infini- | 
tude of sets (1, se) obtained by the definition given by’ 
either Du Pasquier or Hurwitz is the set of integral = 
elements obtained in § 89 by the new definition. This’ 
suitable enlargement of each of their sets enabled us to_ 
overcome their serious difficulties. This is analogous _ 
to the gain by each of the successive enlargements of the © 
primitive set of positive integers to the set of positive © 

* Journal de Mathématiques, Series 9, Vol. II (1923). Also that © 


similar insurmountable difficulties arise for many other algebras under — 
the definition by Du Pasquier. A 
t¢ Unlike properties R, C, U, B, property U’ is not preserved under © 
every transformation of the basal units. Hence U’ is not a desirable © 
a ; 3 
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and negative integers, then to the field of all rational 

numbers, then to the field of all real numbers, and finally 

to the field of all complex numbers. 

|  o1. Arithmetic of quaternions.* By §11, g= 
o+ki+nj+sk and its conjugate g’=0o—£i—nj—f¢k are 

the roots of 


(3) w—20w+N(q)=0, N(q)=¢q' =o? bE tye. 


Since the coefficients of the rank equation (3) are 
_ integers when go, &, 7, ¢ are integers, the set J of all 
' quaternions having integral co-ordinates has the proper- 
mries R, C, U. 
; We seek every set S of rational quaternions g which 
* properties R, C, U and which contains J and hence 
1,7,7,k. By R and (3), N(q) and the double 2¢ of the 
4 ~ scalar part o of g are both integers. By C, the set con- 
tains 7g, Iq, kg, whose scalar parts are —£, —y, —¢. As 
Before their doubles are integers. Hence 4/N is the sum 
of the squares of four integers. That sum is divisible 
Y 4 since NV is an integer. But the square of an even 
_or odd integer has the respective remainder o or 1 when 
Baivided by 4, and a sum of four such remainders is a 
: Prnultiple of 4 only when they are all o or all 1. Hence 
the co-ordinates of g are either all integers or all halves 
f of odd integers. In either case the difference of any two 
fp co- ordinates is aninteger. ‘Thus every quaternion in S is 
q oof the form : 


g=aot(ota)it(otxa)jt+(otxs)k, 


* A much more complicated theory, based on an earlier definition 
~ ($ 90), was given by A. Hurwitz, Géttinger Nachrichten (1896), pp. 311- 
_ 40; and amplified in his book, Vorlesungen iiber die Zahlentheorie der 
-Quaternionen (Berlin, 1919). 
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where each 4; is an integer. Write x, for the integer 20, 7 
Then | 


(4)  q=Xoptaritayjtajk,  p=3(1titj+k). 


Conversely, all such quaternions g in which Loy | 
mes 4 &, are integers. form: a set 5. having properties 
R, C,U. This is true as to R by what precedes, and as 
to U since (4) becomes 1 for %=2, 1. =2.— 7, | 
To prove C, it suffices to prove that the squares and 
products by twos of p, z, 7, k all belong to S. By (3); | 
p?—p+1=0, so that p? isin S. Next, 1 


=K—r+i-jth), pix ¥(—1+i-+j—#) 


have all co-ordinates equal to halves of odd integers 
and hence are in S. The same is true of /p, p/, kp, pk, | 
as shown by permuting 7, j, k cyclically, which leaves” | 
unaltered the multiplication table of i, 7, & given in 
S11. 
Hence this set S is the unique maximal of all sets. } 
having properties R, C, U, and containing 7, 7, R. This 
set S will be shown to give such a remarkably simpli 
arithmetic that we shall call its quaternions integral 7 
without inquiring whether there exist further maximal — 
sets. | 
TuHEorEeM 1. The integral quaternions are given by 
(4) for integral values of %, .... , %.. Expressae 
otherwise, they are the quaternions whose four co-ordinates 
are either all integers or all halves of odd integers. a 
LEMMA 1. Given any real quaternion h and any | 
positive integer m, we can find an integral quaternion q j 
such that N(h— mike ces <m’. | 


| 
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Express q in the form (4) and likewise write 
h=hoptIni-thajthy . 


Inserting the value of p from (4), we see that / has the 
co-ordinates 3/4, (+2) for t=1, 2, 3. Similarly, 
_ the co-ordinates of h—mg are 


Lho—mxo),  F§hot2hj—mx.—2mx;t (f=1, 2, 3). 


| These can be made numerically <1m, 4m, respectively, 
by choice of integers %, x. Then 


N(h—mg) S$ (gm)?+3 (3m)? =} hm? <m’. 


LEMMA 2. Given any tmtegral quaternions a and b, 
bAo, we can find integral quaternions q, c, QO, C such that 


3) a= gh tc, = NC) <0), 
(6) | a=b0O+C, N(C)<N(d). 


To obtain (5), apply Lemma 1 for h=ab’, m=)b’, 
where 0D’ is the conjugate of b. Then h—mq=(a—qb)b’ 
has the norm N(a—qb) - N(b)<m?. Writing c for the 
integral quaternion a—gb, we get (5). 

To obtain (6), apply Lemma 1 for h=b’a, m=)’b, 

g=(Q, and write C for a—00Q. 3 

If a, 6, and g are integral quaternions such that 
a=qb, then a is said to have 6 as a right divisor and q as a 
left divisor. If also b=hc has the right divisor c, then 
a=qgh -c has the right divisor c. 

Two integral quaternions a and 0 are said to have a 
greatest common right divisor D if D is a right divisor of 
both a and 6 and if every common right divisor of them 
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is a right divisor of D. The word right may be replaced 
by left throughout. 

THEOREM 2.* Any two integral quaternions a and b, 
not both zero, have a greatest common right divisor D which 
is determined uniquely up to a unit left factor, and 
D=Aa+Bb, where A and B are wmtegral quaternions, ~ 
Similarly, there exists a greatest common left divisor 4, 
unique up to a unit right factor, and 6=aa+b8. ’ 

For, if co in (5), we may apply Lemma 2 tobande © 
in place of a and 0, and get b=q,c+d, where gq, and d are 4 
integral quaternions for which N(d)<MN(c). If do, 4 | 
we repeat the process on c and d. Since N(6), N(c), | | 
N(d),... . form a series of decreasing integers 20, | 
the process terminates and we reach a quaternion whose = 

j 
a 


ireias 


a uaa as Si aac eo Siac pincers 


norm is zero and hence is itself zero. To simplify the | 
notations, let this happen at the fourth step, so that | 


(7) a=gbte, b=gqetd, c=qd+D, d=qD, Deo. | 


These equations, taken in reverse order, evidently 4 
imply that D is a right divisor of d, c, b, and a. 4 
Conversely, let 6 be any right divisor of both a=ad 7 
and b=6. Then (7) show that 6 is a right divisor of 4 
c, d, and D. 4 


* In Proceedings of the London Mathematical Society, Series 2, Vol. ; 7 
XX (1921), pp. 225-32, Dickson called a quaternion integral if and only — 
if its co-ordinates are all integers and proved Theorem 2 under the restric- ‘" 
tion that at least one of a and b is of odd norm, after proving Lemma 1 4 
with m odd. The further theory holds unchanged. The object was to — 
avoid the troublesome denominators 2 in applying the theory to the ~ 
solution of equations in integers (§ 106). The same definition of integral 7} 
quaternions had been used by R. Lipschitz in his very complicated theory — 
based on quadratic congruences, Untersuchungen tiber die Summen von 4 
Quadraten (Bonn, 1886); French translation in Journal de Mathématiques, — 
Sér. 4, Tome II (1886) 393-439. q 
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Hence by definition D is a greatest common right 


_ divisor of a@ and 0. As to the uniqueness of D, let E 
_ be another greatest common right divisor of @ and 6. 
_ Then D and E are right divisors of each other, so that 
_D=rE, E=sD, where r and s are integral quater- 
-nions. Then D=rsD, 1=rs, so that r and s are units 


(§ 88). 
Writing / for 1+9.9:, we obtain from (7) 


D=c— q.d =l¢—q2b =l(a—qb) —q2b =la+ (—lq—q.)b. 


' This completes the proof of the first part of Theorem 2. 


Two integral quaternions a and 6 are called right- 
handed relatively prime if and only if their greatest com- 


- mon right divisor is a unit, the condition being the exist- 
ence of integral quaternions A and 8B such that 
_ Aa+Bob=1. 


LEMMA 3. An integral quaternion a whose norm is 


— divisible by an integer p> has in common with p a right 


(and a left) divisor not a unit. 

For, if there be no such common divisor, a and p would 
be relatively prime, so that there would exist integral 
quaternions A and B satisfying Aa+Bp=1. Then 


N(A)N(a)=N(1—Bp)=(1—Bp) (1—B’p) 
=1—(B+ B’)p+ BB'p?=1+ ip, 


where /is an integer. But N(qa) is divisible by p. 


LemMA 4. If pis a prime there exist integral solutions 


of 
| (8) 1+2?+y’?=0 (mod 9). 


152 ARITHMETIC OF AN ALGEBRA [CHAP. X 


For p~=2, we may take x=1, y=o. Let p>2. If 


—1 is a quadratic residue of p, so that —1=2? (mod 9), 
we may take y=o. Next, let —1 be a quadratic non- 


residue of p, and let a denote the first quadratic residue of — 
p in the series p—1, Pp—2, P—3, . . . . , the final term 1 


being certainly a quadratic residue. Then b=a+1 is 
a quadratic non-residue. The product of any two quad- 
ratic non-residues is known to be a quadratic residue. 


Hence —), as well as a, is a quadratic residue. In other | 


words, there exist integers x and y for which a=2’, 
-—a—1=—b=y (mod p). These imply (8). 


An integral quaternion, not a unit, is called a prime q 


guaternion if it admits only such representations as a 


product of two integral quaternions in-which one of | 
them isa unit. If isa prime quaternion andifuandy © 
are any units, then wz is a prime quaternion, since if it ~ 


were a product ad, then r=w’a - bv’. 
LEMMA 5. A prime p 1s not a prime quaternion. 
For, by Lemma 4, there exists an integral quaternion 


q=1+«i+%j whose norm is divisible by p. Hence by ~ 
Lemma 3 there exists a common right divisor d, not a q 
unit, of p=Pd and g=Qd. If P were a unit, so that ~ 
P’P=1,theng=(QP’)p. But this product of theintegral ~ 
quaternion QP’ by # has all co-ordinates multiples of p, ~ 
whereas the first co-ordinate of gis1. This contradiction 4 
shows that P is not a unit, so that p=Pd is a product of | 


two integral quaternions neither of which is a unit. 


Lemma 6. If the norm of an integral guaternion wm 1s a 4 


prime, then w 1s a prime quaternion. 


For, if r=ab, N(a)N(b)=N(x) is a prime, so  thag 1 


either N(a)=1 or N(b)=1, whence either a or 0 is a 
unit. 3 


4 


4 
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| THEOREM 3. Every prime quaternion x arises from the 
factorization p=an'’ of a prime p. Conversely, every 
prime p is a product of two conjugate prime quaternions. 

For, if 7 is a prime quaternion, and # is a prime divid- 
ing the integer N(r)>1, there exists by Lemma 3 an 
integral quaternion d, not a unit, such that r=ud, p= Pd. 
Here u is a unit by the definition of a prime quaternion 
a, so that w’u=1. Hence 


Seed p=uPur,  poN(PINGS). Nieken 


- Either p=N(r) =r’, as desired, or p?=N(r), N(P) =1. 
Then P and v=Pw’ are units, so that =v7 is a prime 
quaternion, contrary to Lemma 5. 

! To prove the second part of Theorem 3, note that, 

_ by the proof of Lemma 5, p=/Pd, where neither P nor 
dis aunit. Thus V(P)=N(d)=p. By Lemma 6, P 
is a prime quaternion. 

LEMMA 7. Given any integral quaternion a, we can 
find a unit® u such that au has integral co-ordinates. 
For, if a itself has integral co-ordinates, take u=1. 

In the contrary case, a=4(a,tai+ .... ), where 
each a; is an odd integer by Theorem 1. Thus 
a=Am+7;, wherer,=10r —1. Then 


a@=ontr, n=ntmit...., r=Hrtrit .....). 


Since 7 is an integral quaternion whose norm is 4($)?=1, 
ris aunit. We take uw=r’. Then au=2nr'+1, whose 


+ co-ordinates are all integers. 


* The twenty-four units, obtained from N(#)=1, are 
+I, +7, +j, =k, 3(+1titj+k). 


a This enumeration will be used only to distinguish the arithmetic of 
_ quaternions from that of an algebra discussed later. 
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THEOREM 4. very positive integer is a sum of four 
integral squares. 

This will follow if proved for primes since the product 
of any two sums of four integral squares is expressible as 
a sum of four integral squares in view of NV(g)N(Q)= 
N(qQ). If pis a prime, Theorem 3 shows that p=PP’, 
where P and P’ are conjugate prime quaternions. By 
Lemma 7, P=Qu, where Q has integral co-ordinates and 
wisaunit. Then P’=u’Q", uu’=1, whence p=(Q0Q’ is 
a sum of four integral squares. | 

Lemma 8. If g is an integral quaternion whose norm 
is even, then g=(1+1)h, where h is an integral quaternion. 

For, the square of half an odd integer is of the form — : 
4(8m+1) and the sum of four such squares is odd. © 
Hence the four co-ordinates g, of g are all integers such | 
that 


o=2¢?=2 9; (mod 2). 


Thus g;+q and g;+q. have an even sum and are there- 
fore both even or both odd. In the respective cases, 
the co-ordinates of 


h =3(Gr+Go) +3 (Gr — Goi +5 (93+ 92) +3(93—2)k 


are all integers or all halves of odd integers, whence h 
is an integral quaternion. But (1—7z)g=2h, whence 
g=(1+)h. 

‘THEOREM 5. Any integral qguaternion can be given 
the form (1+2)'mcv, where m is an integer, v is a unit, and 
c 1s a quaternion of odd norm whose co-ordinates are 
integers without a common factor >1. Let N(c)=pql — 

. , where p,q, l,.... are the prime factors, not — 
necessarily distinct, of N(c) arranged in an arbitrarily — 
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chosen order. Thenc=mk...., wherem,Kx,r,.... 
are prime quaternions of norms p,g,l,. .. . , respectively. 
Here x may be chosen as any one of a certain set of right- 
hand associated quaternions, and then x may be chosen 
as any one of another such set, etc. There are no further 
decompositions of c into prime quaternions whose norms 
mre D,-0, 4, ....< . om that-order.* 

For, by Lemma 8, we may express the given quater- 
nion in the form (1+7)’a, where a is an integral quater- 
nion whose norm is odd. By Lemma 7, we can choose 
a unit # such that au=0b has integral co-ordinates, 
whence a=bv, where v=’ is a unit. Let m be the 
greatest common divisor of the co-ordinates of 6, and 
write b=mc. This proves the first statement in the 
theorem. 

By Lemma 3, c and p have a common left divisor 
not a unit. Hence by Theorem 2 they have a greatest 
common left divisor + which is not a unit, 7 being 
uniquely determined up to a unit right factor. If p 
were the product of 7 by a unit, » would divide ¢ and 
hence divide each of its co-ordinates, contrary to the 
definition of c. Hence p=ad, where neither 7 nor d 
is a unit, whence p=N(r)=N(d), so that 7 is a prime 
quaternion by Lemma 6. 

Writec=c,. Then N(c,)=N(c)/p=ql oe... As 
_ before, c, and q have a greatest common left divisor x 
__ which is determined uniquely up to a unit right factor, 
while x is a prime quaternion whose norm is g. Write 
C;=Kc, and proceed with c, and / as before. Hence 


* But each prime factor of the integer m can usually be expressed 
in many ways as a product of two conjugate prime quaternions. 
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Let c=m,k,A, .... be any factorization of ¢ into | 
prime quaternions 7;, k:;,... . of norms ~, g,....,a4 
respectively. Since p=zy,7r, and since c is not divisible _ 
by the integer #, 7, is a greatest common left divisor of — 
cand p. Hence7,=7u, where uisaunit. Nowc=rux, 

, and ¢c=ae, Imply ccm UMA. 6S Also, 


! icy N (kz) = N (ux;) = UkyKu ‘ 


Hence wx, is a greatest common left divisor of c, and g, | 
and hence is equal to xu,, where uw, is a unit. Thus — 
Ky =U’ KU. 4 

The two expressions for c; imply c,=u4,A;..... a 
This with = N(u,\,) shows that uA, is a greatest com- ~ 
mon left divisor of c, and J, and hence is equal to Artz, a 
where uw, 1s a unit. Thus 


Tr=TU, kKr=U'kuy, Ahi Mbs 6 ss 


where u, t%,, 4; ... ¢ are Units and w’,. wi). 257;caee 
their conjugates as well as reciprocals. 

92. Outline of the general theory. First, let A be 
a rational algebra which is not semi-simple and has a 
modulus. Then A=S+WN, where NV is the maximal 
nilpotent invariant sub-algebra of A, and S is a semi- — 
simple sub-algebra of A. It will be proved in §§ 99-104 
that the arithmetic of A is associated with that of S. 
This theorem was illustrated by an example in § 89. 

Second, let S be a semi-simple rational algebra and © 
hence a direct sum of simple algebras S;. By $93 the © 
arithmetic of S is known completely when we know the — 
arithmetic of each S;. We shall prove in § 95 the impor-. q 
tant theorem that for a semi-simple algebra (and no ~ 
other algebra) of order m each set of integral elements of — 
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_ order 7 has:a basis, so that the new definition of integral 
elements essentially coincides with the definitions by 
Hurwitz and Du Pasquier for the case of semi-simple 
algebras and only in that case. 

Third, let A be a rational simple algebra and hence 
a direct product of a simple matric algebra and a division 
algebra D. Then (§97) the integral elements of A 
_ are known when those of D are known, and conversely. 
_ The arithmetic of A is treated in § 98 for several algebras 
_D by generalizing the classic theory of matrices whose 
elements are integers. 

In brief, the problem of arithmetics of all algebras 
reduces to the case of simple algebras and finally in 
‘large measure to the case of division algebras. 

: 93. Arithmetic of a direct sum. Let the rational 
algebra A having a modulus a be a direct sum of two 
algebras B and C, called component algebras of A. 
_ As proved in § 21, B and C have moduli 6 and y whose 
sum is a. 

| THEOREM 1. The first components of the elements of 
any (maximal) set of integral elements, with properties 
_R,C, Uof § 87, of a direct sum B®C constitute a (maximal) 
_ Set of integral elements of the first component algebra B, 
and similarly for the second components. Conversely, 
_ given a (maximal) set [b| of integral elements b of a rational 
algebra B and a (maximal) set |c] of integral elements c of 
another rational algebra C, such that B and C have moduli 
_B and y and have* a direct sum, then if we add every b to 
every c we obtain sums forming a (maximal) set of integral 
pelements of the direct sum B@C. 


; * We can always replace B and C by equivalent algebras which have 
' a direct sum (§ 13). 
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i) Let [a] be any set of integral elements a=b++c, | 
a’=b’+c’,.... of A=B@C, having properties R, C, U, — 
where G;.6,°.°.~ ..are in B, and ¢, ¢,:. 3.37 are: it Cal 
By the closure property C, a-ka’=(b-b’)+(c-kc’) and 
aa’=bb'+cc’ are in [a]. Hence the first components © 
b,b’, . . . . forma set [6] having the closure property C. © 
Since the modulus a=6+/¥ of A is in [a] by property U, 7 
the set [b] contains the modulus 8 of B. 

By property R, for every element a of [a] the coeffi- ~ 
cients of the rank function R(w) of A are integers. By © 
§ 72, R(w) is the product of the rank functions R,(w) 7 


and R,(w) of Band C. By § 83 the R;(w) have integral | 


coefficients, when R(w) has integral coefficients. Hence ~ 
for every element of [bd], the coefficients of R,(w) are 7 
integers. | | 4 

This proves the first half of the theorem when both © 
words maximal are omitted. It is proved in (iii) when © 
those words are retained. 3 

ii) Conversely, let [b] and [c] be any sets of integral | 
elements of B and C, respectively. Then all sums i 
a=b-+c form a set [a] containing the modulus B+y ~ 
of A=B@C, having the closure property C, as well as | 
property R, since for any 6 and any c in those sets the 7 
rank functions of B and C have integral coefficients, ~ 
whence their product (the rank function of A) has integral 
coefficients for any a of [a]. 3 

Next, let [b] and [c] be maximal sets of B and C, ~ 
respectively. Then, if the above [a] were not a maximal — 


set of A, it would be contained in a larger set [a’] of A. © 


By (i), the first components 0’ of the a’=b’+c’ form a | 
set [b’] of elements of B having properties R, C, U, and — 
likewise for the second components c’. Either [b’] is q 
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_ larger than [6] and contains it, or else [c’] is larger than 
 [c], contrary to hypothesis. 
This proves the second half of the theorem. 

: iii) Let [a] of case (i) be a maximal set of A. Then if 
_ [bd] were contained in a larger set [b’] of integral elements 
of B, case (ii) shows that [b’] and [c] would determine a 
_ set [a’] of elements a’ =b’+c of A which have properties 
Rk, C, U, such that [a’] contains the smaller set [a], 
_ whereas [a] is a maximal by hypothesis. This completes 
the proof of the first half of the theorem. 
| THEOREM 2. If the element a=b-+c of a set |a] of 
_ integral elements of A=B@®C 1s a unit, then b and c are 
units of B and C, respectively, and conversely. 
| For, there exists an element a’ =b’+c’ of [a] such that 
— aa’ =a=8+yY, whence bb’=8, cc’ =v. 
| An integral element not a unit is called a prime if it 
admits only such representations as a product of two 
integral elements of the same algebra in which one of 
_ them is a unit. | 
THEOREM 3. If the integral elements of determinant 
_ x0 of the component algebras B and C possess factoriza- 
tion into primes in a single way apart from unit factors, the 
same 1s true of the imtegral elements of determinant o - 

of BEC. 
| For example, consider the direct sum 


(ex) B (e2) @ (es): ej = ei, Gjej=O (j #2). 


| The rank equation of x=Zéje; is I(w—&) =o. Hence 
| the integral elements x are those having integral co- 
_ ordinates &. The latter are all 20 in the product of x 
by a suitably chosen one of the units +e,te.e;. 
_ We may therefore restrict attention to integral elements 
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= 
> 
Na 


x of determinant &£&,4o and having positive co- } 
ordinates. Denote x by (&, &, &). Then xy=(&m, ai 


£.n2, &3n;). Since 


(a, B, 75) =(a, B, 7) (x, I, 5), (a, B, vy) =(a, B, 1) (x, I, Y); q 


one of the co-ordinates of a prime element is a prime 


number and the remaining two are unity, and con- 
versely every such element is prime. Hence if the 


ai, Bj, Ye are all prime numbers, we have the following. | 


unique factorization into prime elements: 


(IIa;, IT8;, yz) =I (ai, I, r) “H(t, B;, I)° I(r, I, Yr) 


94. Sets of order n. Let S be a set of elements q 


of a rational algebra A of order m having a modulus, such 


that S has properties C and U and is of order m. Then a 


S contains z linearly independent elements 27,, . . . . Un, 
which may therefore be taken as the basal units of A. 
. By property U the modulus of A belongs to S. With- 
out loss of generality we may evidently assume that 2, 
is the modulus. Let therefore 


n 
WVy=05, YU=Y, Y= > visnte. (4, Ay a a eee 


k=1 


The y’s are rational numbers. Bring the fractions 
y to a common denominator 6 and write yij.=vize/6, 
where 6 and the » are all integers. By property C, the 
set S contains u,=v,, uj=60;(i>1). We have 


UU; = 1,00; = 00; =U; , UjUy = O0jV; = 00; =U; , 


nN nN 
nsy=0(aart > vat) = OvijMaT > Vigne » 
kee k=2 


ee 4 sa ee os d ¢ 
Tao es St eee ase 
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for 7>1, 7>1. The constants of multiplication of 
Me igi tenner alk integers. 

THEOREM. If a set S of elements of a rational algebra 
A of order n having a modulus has properties C and U 
and 1s itself of order n, we can choose basal untts uy, ...., 
Un of A belonging to S such that the constants of multiplica- 
_ tion are all integers and u, ts the modulus. 
95. Existence of a basis for the integral elements of 
any rational semi-simple algebra A. Let A be of order 
n and S be any set of elements having properties R, C, U, 
and order ~. By $94, we can choose basal units 
| Uz, ...., Un, of A which belong to S such that 
is the modulus and such that the y’s in 


n 
(9) Ujzu;= > sem 4,j= ay eww es n) 
k=1 


- are all integers. Let x=2Z&u;,; be any element of S. 
_ By property C, S contains «uj. By (9), 


eae n 
XU; = > pitti, wg = > Bait - 
t=1 S=I 


The first characteristic matrix of x is obtained by 
subtracting w from each diagonal element of matrix 
(py). Apart from sign, the coefficient of w"~! in the first 
_ characteristic equation of x is therefore 


ete” ei: 
> Pkk = > EiVikk - 
k=1 t,k=1 
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Apart from sign, the coefficient c; of w"~' in the first : 
characteristic equation of the element xu; is obtained — 
from the preceding sum by replacing & by py and — 


hence is 


(10) > bein =65 (j=1, hee oe nN). 


$k, sr 


By § 70 the distinct irreducible factors of the char- 4 
acteristic determinant 6(w) of any element X coincide j 
with those of R(w), where R(w) =o is the rank equation — 
of X. When X is in S, property R shows that the © 
coefficients of R(w) are integers, that of the highest power 
of w being 1. Hence, by Gauss’s lemma in § 83, the © 


same is true of each factor ‘and hence of the product 


5(w) of powers of such factors. This proves that each — 


cj in (10) is an integer. 

Let d denote the determinant of the coefficients of 
é, ...., & in the » equations (10). Thus dé,=d,, 
where d; is the determinant obtained from d by replacing 
the elements of the sth column by the constant terms 


Cy, .... , Gy. Inserting the value d,/d of &, inx=DE&,u,, 
we get 
(11) ed 2a Me 


The elements of d are the sums (27) in § 66, where it 
was proved that do if and only if A is semi-simple. 


Since the y’s and the cg; are all integers, d and the 


d; are all integers. Hence every element x of S is of the 
form (11), where the integer d is independent of the par- 
ticular «, being a function of the y’s alone. The proof 
in § 86 shows the existence of a basis w,, ...., Wm 


2 
oy 
Re 
ats | 
; 
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of S such that the elements of S coincide with the 
_ linear homogeneous functions of the w’s with integral 
_ coefficients. 


THEOREM. Let A be any rational semi-simple algebra 


of order n having a modulus. Let S be any set of elements 


of A having properties R, C, U and of order* n. Then S 
has a basts ow, .... 5 Wn, where w, 1s the modulus. 
But if a rational algebra A is not semi-simple, no 


_ maximal set of its elements having properties R, C, U 


has a basis. For, some of the basal units of A may be 


_taken to be properly nilpotent and we shall find in 


§ 104 that the co-ordinates of those units are arbitrary 
rational numbers in the general element of a maximal 
set, so that there is evidently no basis (see the example 


Bin § 80). 


96. A converse of the theorem above is the case 


m=n of the 


THEOREM. If for any rational algebra A of order n 


a set S of elements has the closure property C and the 


property Bm of possessing a basis composed of m inde- 
pendent elements, then S has property R. 
First, let m=n. Then we may take the elements 


U;, .... , Un Of the basis of S as new basal units of the 


algebra. By property C, uu; belongs toS. By property 
B,, “iu; is equal to a linear function (9) of #4, ... . 5 Un 


_ with integral coefficients yijz. Also the co-ordinates of 
~ any element «= Z£&u; of S are integers by property By 


* The theorem may fail for sets of order <u. Start with a rational 


‘ algebra 2 having properly nilpotent elements. By § 58, = is a sub- 
_ algebra of a simple matric algebra A. By the text below the theorem, 


the integral elements of = have no basis. The set S of those elements 


__ has properties C and U and also R for A by the second case of the proof _ 
in § 96. 
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Hence the characteristic equation 6(w)=o of x has | 
integral coefficients. The same is true of its divisor the | 
rank function by Gauss’s lemma (§ 83). Hence S has | 
property R. . 4 

Second, let m<n. By property C, the elements — 
forming the basis of S are basal units of a rational sub- 7 
algebra 2 of order m of A. By the first case, S has | 
property R for 2, so that the rank equation p(w) =o 4 
for Y has integral coefficients when x is in S. Since © 
p=o is invariant under transformation of the units q 
(§ 73) and since S has the same order m as 2, p=o is the : | 
minimum equation of the general element x of S. By 4 
$$ 67, 68, the first characteristic determinant 6(w) of 
x for A divides a power of p(w) and hence has integral © 
coefficients when « is in S. For any x in A, 6(w) is | 
divisible by the rank function R(w) of x for A by § 60. 4 
Hence for x in S, R(w) has integral coefficients by § 83. — 
Thus S has property R for A. . 

Hence any set of integral elements of a rational 
algebra A according to the definition of either Hurwitz - 
or Du Pasquier (§ 90) is a set of integral elements under | 
the new definition. Only in the case of a semi-simple — 
algebra A of order m is it true conversely that a set of — 
integral elements of order* 2 having the properties 3 
R, C, U required by the new definition has the property : 
B of possessing a finite basis and hence is a set of integral | 


* Assumed explicitly by Hurwitz and implicitly by Du Pasquier ~ 
for the only algebra of which he gave details of finding maximal sets. — 
It might be desirable to add to the new list of postulates for a maximal ~ 
set of integral elements the assumption (if it be not redundant) that the — 
set shall have the same order as the algebra. Only such sets are treated — 
in § 97. The inclusion of this further assumption would not alter any © 
of the discussions of the entire chapter. ; 
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i elements according to Du Pasquier’s definition, and 
has a properly chosen set of ” basal units and hence has 
the further property U’ required by Hurwitz. 

i 97. Integral elements of any simple algebra. ‘The 
theory of arithmetics of semi-simple algebras was reduced 
to that of simple algebras in § 93. By § 51 a rational 
simple algebra is the direct product P of a rational 
division sub-algebra D and a rational simple matric 
_ sub-algebra M with n? basal units e; each commutative 
with every element of D. Furthermore, the modulus 
Ye; of M coincides with the moduli of D and P. 

Each element of » of P may be expressed in the form 


(2) Oe ke > dies 
~ iret 

_ where the dj are elements of D. We may express pf as 
the matrix (dj), a notation to be used in our study 
_ ($98) of the arithmetic of P. It is desirable that the 
‘ matrices which are to be called integral shall include 
3 the matrices whose elements are all wae i and hence 
include the basal units* ej. 

: If D is of order 6, P is of order 6n?. 

: THEOREM. If II is a (maximal) set of elements (12) 
of P having properties R and C, and containing all the 
a matric units e;; and having the same order 5n? as P, then the 
a _ di range independently over a (maximal) set.S of elements 
of D having properites R, C, U and having the same order 
Ke 6 as D, and conversely. 


Q * If it were desired to omit this assumption in the definition of a 
_ set II of integral elements of P, we would start with a basis of II (§ 95). 
_ See the concluding remark of § 97. 
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i) Let II be a set of elements (12) having properties | 
R and C, and containing every e;; and hence the com- ] 
mon modulus Ye; of M, P, and D. Then II contains | 


Summing for g=1, .... , ”, we see that d,, is in II. @ 
Property R of II shows that, if in the rank equation of q 
the general element D£;u; of P we replace the & by the 
co-ordinates of d,s, we obtain an equation \(w)=o | 
satisfied by d,; and having integral coefficients and lead- 4 
ing coefficient unity. | 

Let f(w) =o be the equation of least degree satisfied | 
by d,s; having rational coefficients and leading coefficient | 
unity. It is irreducible in the field R of rational numbers 4 
since a product of two elements of a division algebra — 
is zero only when one of them is zero (§ 43, Theorem 4). — 
Then X(w) is divisible by f(w) since otherwise the — 
remainder from the division would vanish for w=d,; and 4 
yet be of smaller degree than f(w). Hence by Gauss’s © 
lemma (§ 83), f(w) has integral coefficients. — | 

Let R(w)=o be the rank equation of the general — 
element x of D and let it become ¢(w)=o for x=d,s. 
By § 70, the distinct irreducible factors of R(w) coincide ~ 
with those of the first characteristic determinant of x. : 
Hence the distinct roots of ¢(w) =o are the same as those — 
of the first characteristic equation 6(w) =o of d,s. The | 
same is true of f(w)=o and 6(w) =o by §68. As above — 
(or by Theorem 7 of § 84), ¢ is exactly divisible by f | 
and the quotient is either a constant or is divisible by f, — 
etc. Thus ¢ is a power of f and hence has integral — 
‘coefficients. This proves that the set S,; composed of | 
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_ the coefficients of e¢,; in the various elements (12) of II 
_ is a set of elements d,, of D having property R. 
Further, S,,; evidently has property U since 1 - ¢,; is 
in II. It also has the closure property C. For, if 
ma,, be the coefficient of e,,; in another element (12) of 
_ II, then as above d;, is inII. Also the products of d,, and 
_ d;; by e,; are in II. By the closure property C for II, 


(dyst-dys)ers . dys ; Didi, 


are in II, whence the sum and product of the d,;’s is in 
Drs. 7 
Next, if d,, is in S,s, its product by e; is in II, whence 
g,, is in Sj. Hence the n? sets S,; (r, s=1,...., 0) 
' are identical and may be designated by S. Hence 
II is composed of the Zdjej; in which the dy range 
_ independently over S. 

_ This proves the first part of the theorem with both 
_ words maximal omitted. When they are retained proof 
_ is made in (iii). 

ii) Conversely, let S be any set of elements of D 
having properties R, C, U and having the same order 
P6as D. By §o95, S has a basis w,, .... , ws, where 
_@; is the modulus. Let II be the set of all Udyej in 
_ which the d;; range independently over S. Then II has 
Rue Basis. weg (k=1, 2 rs 3 8S ey fmeip St. 2 OP 
_ Also, II has property C since S does. By § 96, II has 
_ property R. This proves the converse theorem with 
both words maximal omitted. | 

Next, let S’ be a maximal of the sets S. Then the 
_ corresponding Il’ is a maximal of the sets II having the 
: _ properties assumed in the theorem. For, if II, is such a 
| i set which contains I’ and is larger than II’, the set S, 
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which corresponds to II, as in (i) is larger than S’, con- ; 
tains S’, and is one of the sets S, whereas S’ is a maxi- 
mal by hypothesis. This completes the proof of the 
converse. 
iii) Let II* be a maximal of the sets II; then its S* 

is a maximal of the sets S having properties R, C, U and © 
having the same order as D. For, if S* is contained in a : 
larger S, the corresponding II in (ii) is larger than II*, ~ 
whereas the latter is a maximal. This completes the — 
proof of the first part of the theorem. j 
. Corottary. We know the integral elements of any 
simple algebra DXM if we know those of the division alge- 7 
bra D. : 
For the case in which D is of order i, our theorem © 
shows that the set of all matrices whose elements are ‘ 
integers is a maximal of all sets of matrices with rational — 
elements having properties R and C and containing the © 
nm? units e;. But if we do not require the presence of : 
the ej, we find an infinitude of maximal sets. For, any © 
set of matrices with rational elements having properties — 
R, C, U (and M) is transformed into another such set | 
by any matrix with rational elements of determinant 4o. 4 
98. Arithmetics of certain simple algebras. By $97, 7 
the integral elements of a rational simple algebra 7 
DXM are the n-rowed square matrices d= (dj) in which — 
the dj. range independently over a maximal set S of — 
elements of the rational division algebra D having proper- : 
ties: K, C, U. a 
The product dd’ of d by a second such matrix (dj;) is” 4 
defined as in § 3 to be the matrix d” in which the element ; 
in the zth row and 7th column is ; 


dij =djdiyt+ eg ee + digdij+ care oo 


ba 


e, 
Bat 


each dj; is in S. 
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with attention to the order of multiplication. Hence 


The constant term of the rank equation of the 


general element x of D is called the norm of « and denoted 
by N(x). It is a divisor of the first determinant A(x) 
of x ($69). If xo, x has an inverse y in D by the 
definition of D. By § 58, A(«)A(y) =1, whence A(x) #0, 

_N(x)4o. Hence N(x)=o implies x=o. | 


We shall restrict our attention to maximal sets S 


of elements of rational division algebras D which possess 
the following further property: 


P. If a and 6(b4o) are any two elements of S, 


there exist elements g, c, Q, C of S such that 


a=qb+c, a=b0+C, 


where the norms of the remainders c and C are numeri- 
cally less than the norm of the divisor 0. 


Evidently property P holds for the important case 


in which D is of order 1 when the elements of D may be 
taken. to be the rational numbers, so that the ele- 
ments of S are integers, each being its own norm. 
Then the following investigation becomes a study of 
the arithmetic of matrices whose elements are all 
integers. 


Property P was seen in Lemma 2 of $91 to hold 


| when D is the algebra of rational quaternions. It will 
| be seen in § 105 to hold also for two division algebras 
which are direct generalizations of the algebra of qua- 
_ ternions. 


Two matrices d and d’ with elements in S shall be 


called equivalent if and only if d’=pdq, where p and q: 


iy 
4, 
ag 
i) 
‘; 
My 
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are products of matrices of the types next displayed for 
the typical case n=2: 


Oe eee. O41 u o\ a 
(13) a= (; 4) ie (. 4) ae ; : —s es ) 
where & is any element of S and uw is any unit (§ 88) of S. 
For any n, the types are defined as follows. For each | 
pair of distinct positive integers i and j not exceeding n, ~ 
we employ a matrix derived from the identity matrix J 
by replacing the element o in the 7th row and jth column © 
by k; for n=2, it is ag when 7=1, 7=2, and is b, when i 
t=2,j7=1. We employ also a matrix (which is ¢ for | 
n=2,i=1, 7=2) derived from J by replacing the four 
elements of 


which occur at the intersections of the 7th and jth rows 
with the 7th and jth columns by the corresponding ele- 
ments of c. Finally, we employ e, which is derived from 
I by replacing the element 1 in the first row and column 
by uw. 

The matrices (13) and hence also # and gq are units 
since 


aa_,=I, bb, =T, =f, Cyly=I(uv=1). 


The product a,d may be obtained from d by adding ~ 
to the elements of the first row the products of k (as _ 
left factor) into the corresponding elements of the second — 
row. The product da; may be obtained from d by adding 


to the elements of the second column the products of | 


the corresponding elements of the first column into k ; 


SS 
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(as right factor). To find d,d and db, we have only 
to interchange the words first and second in what pre- 
cedes. . 
The product cd (or dc) may be obtained from d by 
interchanging the two rows (or columns) of d. 

The product e,d may be obtained from d by inserting 
the factor u before each element of the first row of d. 

The product de, may be obtained from d by inserting 
the factor u after each element of the first column of d. 

Hence for any , matrix d is equivalent to those 
and only those matrices which may be derived from it 
by any succession of the following elementary transforma- 
tions: f 

i) The addition to the elements of any row of the 
products of any element & of the set S into the corre- 


- sponding elements of another row, k being used as a 


left factor. 

ii) The addition to the elements of any column of the 
products of the corresponding elements of another 
column into any element & of S, & being used as a right 
factor. 

iii) The interchange of any two rows or of two 
columns. 

iv) The insertion of the same unit factor before each 


element of any row. 


v) The insertion of the same unit factor after each 


| element of any column. 


We shall call the element d,, of matrix d its first 


: element. If do there exists by (iii) an equivalent 
| matrix whose first element is not zero. 


Lemma 1. If the first element of a matrix d is not 


_ zero and is a left divisor of every element of the first row and 
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ts a right divisor of every element of the first column, then 
d 1s equivalent to a matrix having the same first element and 
whose further elements in the first row and first column are 
all zero. 

For, if di=dug;, we apply the transformation (ii) 
which adds to the elements of the zth column the products 


of those of the first column by k= —gq; and find that the © 
new 7th element of the first row is zero. Similarly, if © 
di: =Qid::, we apply (i) with k= —Q; and find that the - 


new zth element of the first column is zero. 


sbi hi Biba AEA seid oct hg etingds aN abasic Hat aad ena a a las ic hed 


Lemna 2. If the first element d, of a matrix d is not 
zero and either is not a left divisor of every element of the 
jirst row or else is not a right divisor of every element of — 
the first column, then d is equivalent to a matrix for 


which the first element is not zero and has a norm numer- 
ically less than the norm of dy. 
For, if d,; does not have d,, as a left divisor, property 


P shows that we can find elements g and 7 of S such ~ 
that d;=dug+r, where r~o and N(r) is numerically 
<N(d::). By (ii) we may add to the elements of the © 
7th column the products of those of the first column ~ 
by —q and obtain an equivalent matrix having r as the © 
ith element of the first row. By (iii) we obtain an equiva- © 


lent matrix having r as its first element. 


Similarly, if d;; does not have d,;.as a right divisor, 
we may write d;,=Qdutp, where po, and N(p) is © 


numerically <N(d,,). We then use (i) with k= —Q. 
Bearing in mind that the norm of any element of S 


is an integer by property R which is zero only when the | 
element is zero, we see that a finite number of applica- | 


tions of Lemma 2 leads to an equivalent matrix satisfying 
the hypothesis of Lemma 1. Hence any matrix do is 


eh bokeh Sched och 
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" equivalent to a matrix d’ whose first element is not zero 
a and whose further elements in the first row and first 
4 column are all zero. If the matrix obtained from d’ 
pry deleting the first row and first column is not zero, we 
_ may apply to it the result just proved for d. Repetitions 
[ of this argument show that d is equivalent to a diagonal 
; matrix whose elements outside the main diagonal are all 
“zer0, while those in the diagonal are gy, . . . . , San, each 
of the first r of which are 0 and the last n—r are all 
“zero (1<rSn). Denote this matrix by (gi, . . . - 5 Sun) 
and call 7 its rank. 

If gx is not both a right and a left divisor of all the 
“remaining 2430, Suppose to fix the ideas that g,, is 
not a left divisor of g40. We add the elements of the 
ith row to those of the first row and by (i) obtain an 
equivalent matrix having g;; as the 7th element of the first 
row. Then by the first part of the proof of Lemma 2 
_we obtain an equivalent matrix whose first element g;, is 
not zero and has a norm numerically <N(g,). As 
| before we can find an equivalent diagonal matrix whose 
first element is g’,. After a finite number of repetitions 
, of this process, we reach a diagonal matrix: Ui? si 
“Itnn) in which h,; is not zero and is both a right and a left 
Daivisor of each h;;. Treating similarly the matrix 
a tor, .. +--+ 5 In), we obtain an equivalent matrix 
(laa, . . » « , Inn) in which /,, is not zero and is both a 
I right and a left divisor of each /;;, Morevoer, /,, is botha 
right and a left divisor of J,., . . . ~ , dum since they are 
linear combinations of h,., . . , Ann With coefficients 
q S. Proceeding similarly, we : oubait the 

| Turorem. Every matrix d of rank r>o, whose 
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algebra D for which properties R, C, U, P hold, is equivay 
lent to a diagonal matrix (d.,..:.., dG, 0, .. 3.5 IN 
where each d; is both a right and a left divisor of dj+y 
We ns Here d; may be replaced by udjv, where v 
and v are any units of S. 

The final remark follows from (iv) and (v). 

We shall call (w, ...., Un) aunitifu,...., Ue 
are any units of S. Employing only matrices whose 
elements are in S, we shall call a matrix d a prime matrix 
if it is not a unit and if it admits only such representations, 
as a. product of two matrices in which one of ince is 
a unit. 2 

By definition any matrix equivalent to d is at the 
form pdq where the matrices p and gq are units of the 
algebra. In other words any matrix d is associated 
(§$ 88) with a diagonal matrix. 

First, let S be the set of integers so that the elements 
of our matrices are integers. Then any matrix d of 
rank 7 will be expressible as a product of prime matrices 
in one and only one way apart from unit factors if be 
like property is proved for diagonal matrices. 
latter is proved essentially* as at the end of § 93. Hence 
unique factorization into prime matrices holds. 

Second, let S be the set of integral quaternions ‘ 
The uniqueness of factorization of diagonal — 
and hence of any matrices whose elements are integra 
quaternions is subject to the same limitations as in 
Theorem 5 of § gt. | 


3 
i 
€ 

i 

3 


* We now need consider (a, 8, y6) only when a divides 6 and when 
a and 8 both divide yé. For example, if y=, we employ 
(a, 8, 85) =(a, B, 8) (x, 1, 8). 


While we there employed (a, 6, 1), we would now use the equivalent 
matrix (1, a, 8). 


: 


| 


; 
that we find the integral elements of a normalized 
complex algebra. That result alone would not dispose 


ft<j Sa, 
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99. The fundamental theorem on arithmetics of 


algebras. The proof (§ 104) for any rational algebra 
depends upon that for the complex algebra with the same 
‘basal units. Hence we shall first deduce from the 
general theory of algebras a set of normalized basal 
units of any complex algebra and derive its characteristic 


determinants by a method far simpler than that employed 
by Cartan.* Moreover, our notations are more explicit 
and hence more satisfactory. 

It is only incidental to the goal of rational algebras 


of the question for all rational algebras since not all 


types of the latter are rational sub-algebras of complex 
algebras in canonical forms obtained by applying trans- 
formations of units with complex coefficients. 


100. Normalized basal units of a nilpotent algebra. 
LemMA. Any associative algebra A of index a is a 
sum of a linear seis Bi, ...., Ba, no two with an 


element #0 in common, such that 


(14) BpBySBprgt Bprguit .... +Ba (pt+9<a), 

(15) B,BSBa . (p+q2a). 
For, we may select in turn linear sets B,, B., .... 

such that 

“A=B,+-A?, A?=B,+43,.... , A= Ba-1+A4, A*= Ba, 

where B;AA‘+* =o in A?=B;+A'‘**, Thus BSA‘. For 


B;S AS A‘ : B;ABj=0. 


* Annales Fac. Sc. Toulouse, Vol. XII (1898). See the author’s 


Linear Algebras (1914), pp. 44-55. 
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Evidently, 
A=B,+Bh,+ Pe ee +Ba, B,BySA?A!. 


Now A?t‘ is B, if p+q2a; but, for p+q<a, 


Ata= By, + APtott= By + Boi gti pArtet? 
somite? ele ag” = Botgt ee is ee +B. 


We now assume that A is nilpotent and of index a, 
aothat 6, =o. Let a, . <2. 4 th, DED basis of Bit 
i.e., linearly independent elements of B, such that every 
element of JB, is a linear combination of them with’ 
coefficients in the field F over which A is defined. Let- 
fia, oe 5 Mtb, De a Dasis of B,, ete. : 

First, let pSq and p+q<a. Then in the bases of 
B, and B,, each nm has a subscript $0,+ .... +b,. 
The latter sum is less than the minimum subscript | 
bt i... +b4,-:+1 of an » in Bs. . Hence Wan 
(14), every product nn; is a linear combination with coeffi- - 
cients in F of those n’s whose subscripts exceed both i andj. 

The same result holds also if 1; is in By and n; is in 
B,, where now Pi dee since B,B,=o by (15), so that. 
' Nin; =0. 

A set of basal units +, %., ....,08-@ nilpotent 
algebra is called a normalized set if it has the property — 
expressed in italics. | 

101. The two categories of complex algebras. By 
§ 79, every complex algebra A with a modulus e is the — 
sum of its maximal nilpotent invariant sub-algebra NV | 
and a semi-simple sub-algebra S, while S is a direct sum — 
of simple matric algebras S;. Here N must be replaced — 
by o if A itself is semi-simple. According as the orders q 
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f the S; are all 1 or not all 1, A is said to be of the first 

or second category, respectively. 

4 This separation of the two cases is nowise necessary 
in the present theory, but is a convenient one since: the 
“notations in the first case are much simpler than in 

a the second case. Although the later treatment of the 
second case applies to both cases, the prior simple dis- 

cussion of the first case will greatly clarify that of the 

3 Be econd case. 

102. Complex algebras A of the first category. We 

a _ have A=S+WN, where S is a direct sum of algebras 
©); . i. s-) (e,) Of order x, and 


4 (16) eG=e;, ee;=0(t%)), Dej=e,: 
| e being the modulus of both A and. S. Thus 
h 


N=eNe= dave; 


1,j=1 


Sis Ca ee aloes i ey 2 


If e;Ne; is not zero, its elements are all linear com- 

_ binations of certain .of its elements 1,, 2, .... , which 

: are linearly independent. Since u,=e;xe;, where x is 
in XN, we have 


4 (17) CjNp= Np y exNp=O(RA?) , Nplz=Npy Mpls =O (t)) , 


_fork,t=1,...., 4h. Any element 1,40 which satis- 
4 fies these conditions (17) is said to have the character 
_ (i,7). But if eNe;=0, N has no elements of character 
' (i,j). Write 


a | esNe;=Ciy+eNV’e; , 


Ve 


lee 
Be! 
Bi 
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where the two linear sets on the right have only zero in. 


common. Every element ~o of Cy is of character’ 
(4,7). Then : 


N?=eN’e=Ze;N’e;, N=B,+N?, B= 2C;;, 


summed for 7,7=1, .... , 4. Hence the elements of 
B, are linear combinations of elements each having a 
definite character. The same is true of B, in’ 
N?=B,+N3, etc. In view also of § 100 we may there- ' 
fore choose a normalized set of basal units of NV each - 
having a definite character. 7 

THEOREM 1. Any complex algebra A of the first 
EUlesOry NaS @ sel. 0] DASA) 10HIS 6... 2, Ch I 
N,, where each n, 1s nilpotent and has a definite character, 
while 


(18) ej=e ) CjNp= Np y Nplj=Np ; N Ng = LY parts ; 


summed for r=1,....,8; top, t> 0; such tha@ 
Np, Ne, N, have the respective characters (i, 7), (7, 1), (i, Ll). 
All further products of two units are zero. | 

To find the first characteristic determinant 6(w) of — 
the general element z=x+¥ of A, where 


w=fe.+ .... +heee, Y=Vwt .... +n, , 


we proceed as in the footnote to § 60. If 7, is of char- 
acter (7, —), 


ge; = £¢; + lin, func. of %, . 1°... 4 Me 
ZN, = Et iin, TUNC, Of Nats, Nets, 


Transposing the left members after replacing z by w, 
we obtain linear equations in the units such that the 
elements below the main diagonal of the determinant of 
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- the coefficients are all zero, while each diagonal element 
isa &—w. Hence 6(w) is a product of powers of &— 
ij=1,..'.., A) with exponents 21. By § 70,. the 
- same is true of the rank function R(w), in which the 
coefficient of the highest power of w is unity. 

We are now in a position to investigate the sets of 
elements of A with rational co-ordinates which have 
properties R, C, U of $87. To secure the closure property 
_ C, we assume”* that the y’s in (18) are rational. By prop- 
_ erty R, each coefficient of R(w) =o is an integer. Since 
its roots &; are all rational, they are integers. The maxi- 
_ mal set is composed of all elements z in which the &; are 
_ integers, while the »; are merely rational. All such 
_ 2’s therefore give the integral elements of A. 

_ We shall prove that «=1+a,n, is a unit (§ 88) for 
all rational values of the a,. First, 


u(I — dyN;) =I —aini+l, = I+4;.2,+1,=u, ’ 


where /; denotes a linear function of ;, mj4,,... . with 
rational coefficients. Similarly, 


U2(I — G:2N2) = 1— 03,2413 = ioe. 


Proceeding in this manner, we finally reach the ea 
- 1. Hence 
| UV=1,. V=(I—A,Mz)(I—G:2M2)(I— 133) . . 2. =IFD]N;, 


where the 0; are rational. Hence uw and v are units. 
If. , is of character (¢, 7), and &,...., & are 
all ¥o, . 


XU = X-+ > atm =rty=s 
p 


* This assumption is not necessary for the application we shall 
_ make in § 104. 
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provided a,=v,£~'. Multiply by». Hencezv=x. This 
proves that, if A(z) 0, so that each £0, z is associated © 
with its abridgment x. Recalling the definition of | 
associated arithmetics (§ 88), we have 
THEOREM 2. If the y’s are rational for the algebra 
A=S+WN in Theorem 1, the arithmetic of A is associated © 
with the arithmetic of the sub-algebra S having the basal | 
ES Ce Oh, ; 
103. General complex algebra. Any complex algebra _ 
A with a modulus e is the sum of its maximal nilpotent — 
invariant sub-algebra N and a semi-simple algebra S | 
which is a direct sum of ¢ simple matric algebras Sj. 
Then S; has the basal units eig (a, B=1,...., Pde 
with : 


(19) C18 ¢py = Cay ’ €: 26,3 = O( BA 7) ’ €1 g€2,=0(t¥7) 5) 
AS ce 
(20) e= De : N=eNe= DAC? ‘ 
t,a 4,j,a,8 
If vy is an element of NW such that 


N= C..%CBg~O » 


then 
a em=n, en=o (unless k=i, y=a), 
NCbe =n, ne* =O (unless k=j, y= 8), 


» 62 


_ Let z and 7 be fixed integers such that e;,vez, is not ‘ 
zero for every v in N and let 1,72, . . . . be elements of © 
N such that Z 
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(23) i 4 =€1,V,€2, yet, 8.) 
I Ip 


form a complete set of linearly independent elements of 
_ N of character 


| ij 
(24) € ‘), 


: whence every element of that character is a linear func- 
- tion of the elements (23). By (23), 


et Co 
P,= = | ip =eeakothe™= |! A Ry =. ¥ lip ? 


_ whence P, is of character (22). Since NW is invariant in 
_ A, k, belongs to N. We shall prove that the P,, with 
i,j, a, B fixed, form a complete set of linearly independent 
elements of N of character (22). First, if they were 
_ dependent, 2c,P,=o for complex numbers c, not all 
_ zero, we multiply by e;, on the left and by ef, on the right 
and get 


whence each c,=o, contrary to hypothesis. Hence the 
_ number of elements in a complete set of character (22) 
fis not less than the number in a complete set of char- 
acter (24). To prove the reverse, note that if a set of 
P, are linearly independent, the corresponding elements 
(23) will be linearly independent, since we saw how to 
# deduce P, from (23) by multiplying by e, on the left 
-and by eZ, on the right. 
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In view of (20), the aggregate of the elements in the 
complete sets just described for the various values of” 
i, 7, a, B gives a set of basal units of NV, each having a 
definite character. : 

By (19), the product of ¢,v,e7, by e¢,vjei, is zero if! 
7k, while if 7=k it is e{, * v,€7,¥5 * €;:, Which is zero or’ 
of character : 


Hence 

ij o 86. Gk), 
2 i 4 F i Dy ter 7 (j=k). 
From this we shall deduce 


O Gk or BED), 


9) [Fale Dalen Daten | Ga B=a).- 


which is zero if either 74#k or B¥X. In the remaining ; 
case, the product of the juxtaposed e’s is ej,, which pro- | 
duces no effect on (23) when used as a right-hand multi-— 
plier. To evaluate our expression, it therefore remains 
to multiply (25) on the left by e,, and on the right by 
e.,; the result is the sum in (26). . 
The complete multiplication table of A is given by - 


(19), (26), and 
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: fo) (ik or BAX), 
a ll ik 
a 7 o8) ) M\o | | (7=k, B=)), 
Mio 

fe) 


a 
| — kj or ¥¥ 8), 
ee) y A ke _ (k=j, y=B). 
tp 


We arrange our basal units of N in the order m, 
Ma, s «+ - 5 WHETE M, . . .., %, are those of our units 
m=. of NV which are-not in N’, while m.4:,...., 40, 
_ are those of N? which are not in N3, etc. 
q The general element of A is z=x+¥, where 
w= BE ipl ap » y=2ris,»|! 4 
a Bp 


We seek the first characteristic determinant 6(w) 
of z. First, 


(29) sets = D> atta (tn, ee re) 


where the final symbol denotes a linear function of ts; 
"Se Next, let 


RA ne 
— < = 
i 4 e nts b;) ) |: ot an Ns 5) 


so that m isin V, but not in V?. The same is true of n, 
and of any basal unit obtained from ™ by varying only 
\ and yu, as shown by comparing (25) with (26). Hence, 


by (27), 


4 (30) ony = De Est (b,41 9 Np,+2 9 wee 5). ° 
= re : 
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For the next step, let 


fond | ey} 
= — = 
i 4 : ny (6.<pSb,4+0,) , " 4 : Na; 


so that 2, is in N’, but not in V3. The same is true of 
nm, as before. Hence 


(31) oNp = Seite tie beta Nb,+-b.42 » ee ys 
a 


Replacing z by w and transposing the left members — 
of (29), (30), (31), - . - . , we see that the determinant @ 
6(w) of the coefficients of the e’s and n’s is a product of | 
powers (with exponents 21) of the determinants 


Bee ee 
Dj(w) = 


ape ane eis. oe. 6 i558 


Thus 6(w) is independent of the co-ordinates » of y. — 
The same is therefore true of the rank function R(w) — 
which is a divisor of 6(w). 

We are now in a position to investigate the sets of — 
elements of A with rational co-ordinates which have — 
properties R, C, U of § 87. To secure the closure prop- ~ 
erty C, we assume that the y’s in (25) are rational. — 
The maximal set of integral elements of A is composed 
of the z=x+y in which co-ordinates of y are arbitrary 
rational numbers, while the x’s form a maximal set of 
integral elements of the sub-algebra S. | 

If the a, are rational, 1+ Da,n, is a unit (§ 102). 

If the determinant A(z)=6(0) of z is not zero, we © 
can find a unit : 
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u=I+ a ot 5 4 : 


kj, A, B, p 


such that xu=x+y=z. In fact, 


m=x+3E 0%] : AG 


- summed for X, 7,7, a, B, p. This sum will be identical 
' with y if 
> fob = 1%, 
A 


for all 2,7, a, 8, p. The determinant of the coefficients 
of the a’s having 7,7, 6, p fixed and A\=1, .... , pi, 48 


D,(o) = 


e (a, ASI, 4-03 , oa, 


_ which is zero for no value of z since 6(0) was shown to be 
_ a product of powers (with exponents 21) of the Dj(o). 
| There exists a unit v such that ww=1. Hence zv=x, 


' so that z is associated with x. 


q THEOREM. Any complex algebra A=S+WN with a 
_ modulus has a set of basal units each with a definite char- 
acter and having the multiplication table (19), (26), (27), 
| and (28). I f the y’s are rational, the arithmetic of A ts 
q associated with the arithmetic of its semi-simple sub- 
q algebra S. 

4 104. Arithmetic of any rational algebra. Let A 
_ be any algebra with a modulus over the field of all 


q rational numbers, such that A is not semi-simple. Let 
_ WN denote its maximal nilpotent invariant sub-algebra. 


1 By § 78, A=S+WN, where S is a semi-simple sub-algebra. 
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Let A’, S’, N’ denote the algebras over the field of all 
complex numbers which have the same basal units as 
A, S, N, respectively. Then S’ is semi-simple and N’ is - 
the maximal nilpotent invariant sub-algebra of A’= _ 
S’+N’ (§ 74). Introduce the basal units of A’ which 
were employed in $§ 102-3. As there proved, the first 
characteristic determinant and rank function of A’ does 
not involve the co-ordinates of the basal units belonging 
to V’. Hence the rank equation R(w) =o of A does not 
involve the co-ordinates of the basal units ¢, belonging 
to NV, which are therefore arbitrary rational numbers in 
any integral element of A. Denote the basal units of S 
by s;. Then every element of A is of the form 


z=xt+y, X= ZX;S; , y= DY AC, 
where X; and J, are rational. Let 
A(z)4o , u=1+2a,f,. 
Then 
LU= xX-- > AitpSilo « 
7, p 


Since JV, of order g, is invariant in A, 


&§ 
SiS p= > visas ) 
k=1 


where the y’s are rational. Hence xu=x+y=2 if 
> vieXiay= Vi oe Pare rere ay 
1, p 
These g linear equations in g unknowns a, with 
rational coefficients are consistent and have unique 


SE ee Ret oe Re Oe VERO Pate Se a eee Te ee A 


ge ag ee ee RS ee ne en ae 
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4 solutions a,, which are therefore rational. In fact, 
_ after introducing the basal units of A’ employed in 


§§ 102-3, we proved that there exists one and only 
one set of co-ordinates of “ such that «u=z, so that the 
same is true when we return to the present basal units. 

We can determine rational numbers £6; such that 
(§ 102, end) 


uv=1, v=1+26;¢;. 


Hence uw and v are units, and xu =z implies zy =x, whence 
z is associated with its abridgment x if A(z) Xo. 

FUNDAMENTAL THEOREM. The arithmetic of A=S+N 
ts associated with the arithmetic of its semi-simple sub- 
algebra S. In other words, we may suppress the properly 
nilpotent elements of an algebra when studying its arithmetic. 

105. Generalized quaternions. Consider the algebra 
D whose elements are X =x+yE, where x and y range 
over all complex numbers with rational co-ordinates, 
such that 


(32) . H=— 8B, Ex=/E, 


where x’ =o0—&i is the conjugate of* x=o+é. If —8 
is not a sum of two rational squares, D is a division alge- 
bra (§ 47, where x, y, y are now replaced by i, E, —8, 
and we have taken 6=—1). We restrict £ to integral 
values. | | 


* Writing y=7+{7i, we see that X is the general element of the 
algebra (18) of § 10 with a=1, “=i, Uz,=E, u;=iE, so that D is a 
generalization of the algebra of quaternions (the case 8=1). As proved 
there, D is associative. The arithmetic of algebra (18) for any a and B 
is being studied by other methods by Latimer in his Chicago thesis. 
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The product of X by Z=z+wE is 
(33) XZ=x2— Byw'+ (swt ys E, 


which is an element of D, so that D is an associative | 
algebra. We shall call ¥=x'—yE the conjugate of X, 
and 


(34) N(X)=XX=XX=xx'+ Byy’ 


the norm of X. The conjugate of XZ in (33) is seen to 
be equal to the product ZX of the conjugates of the 
factors taken in reverse order. Hence 


(35) N(XZ)=XZZX=XXZZ=N(X) - N(Z), 


since HA is a rational number and hence is commutative 
with X. Note that XY and X are the roots of 


(36) w—20wtNM(X)=0. (x= oti). 


Consider the set J of all elements X =x+yE in which 
x and y are complex integers (i.e., complex numbers 
with integral co-ordinates). Then the coefficients of — 
the rank equation (36) are integers. In view also of 
(33), we see that the set J has the closure property C. | 

We shall now determine every set S of elements X 
of D which has properties R and C and contains J. 
For the moment give X, x, y the foregoing notations and 
call o the rational part of X. Since 7, E, and Ez belong 
to J and hence to S, the closure property C shows that 
S contains X, Xi, XE=—fy+«E, and XEi, whose 
rational parts are evidently o, —£, — Bn, B¢, respectively. 
The negatives of their doubles are therefore coefficients 
of the rank equations of X, Xz, etc., and hence are integers 
by property R. In other words, 2x and 26y are complex 
integers, say “and w. Then | 
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= 


3( w+ 50k) y. AREA) =1( uw’ +2ww’) 
4 By (36) and property R, V(X) must be an integer, so 
that ww’ must be divisible by 8. 
4q If c is a complex integer 4o, the introduction of 
_ c~tE asa new unit in place of E has the effect of dividing 
B by cc’. Hence we may assume that @ is not divisible 
_ by a sum of two integral squares. It is known that 
i every prime of the form 4u-+1 and every product of such 
_ primes is a sum of two integral squares. Also, 2=1?+1?. 
' Hence we may assume that +8 is either unity or a 
_ product of distinct primes of the form 4n+3. 

LemMa. If such a B divides y*?+6°, where y and 6 are 
mtegers, then B divides both y and 6. 

For, if p=4n+3 is a prime factor of 6 and hence 
of y?+6, either » divides y and hence also 6, or we 


can find (§ 110, end) an integer e such that ye=1 (mod 
p). Then 


o= (77+ 6)? =1+4+ (de)? (mod p), 


whereas —1 is known to be not congruent to a square 
modulo p=4n+3. Hence p divides y and 6. Thus 
B= pf, divides ps, where 


s=(y/p)?+(6/p)?. 


Since 8 has no square factor, 8, divides s. As before, 
any prime factor g of 6, divides both y/p and 6/p. 
Proceeding similarly, we conclude that B=pq.... 
divides both y and 6. 

We proved above that 8 must divide ww’ =y?+6, 
if we write w=y+6z. Hence 6 divides y and 6 and hence 
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also w. Write w= 6v. Thus every element of S is of 
the form X=3(u+vE), where uw and v are complex 
integers. Then 


(37) N(X) = 4(uu'+ Bor’) 


must be an integer. 

First, let B=1 (mod 4). By (37), uu’+v’, which 
is a sum of four integral squares, must be divisible by 4. 
They must all be even or all odd since the square of an 
even or odd integer has the remainder o or 1, respectively, | 
-when divided by 4. The maximal set S is therefore 
composed of all elements 3(u+v) in which the four 
co-ordinates of the complex integers u and v are either. 
all even or all odd integers. If in the latter case we. 
subtract 


(38) G=7(1+i+£+1£), 


we obtain a linear combination of 1,2, E, zE with integral 
coefficients. Since iE=2G—1—i—E, the set S has. 
the basis 1, 7, E, G. Since E=(1—2)G—1, S is com-q 
posed of the elements «+ yG, where x and y are complex 
integers. This set S is closed under multiplication since - 


G1 tiiG. | G=G-ia Lp). 


This completes the proof of the first part of the theorem 
below. | 
Second, let B=3 (mod 4). By (37), the integers 
uu’ and vv’ must be congruent modulo 4. Write w= 7 
K+M,v=ptvi. Then +)d?=p?+v? (mod 4). Hence 
the values of x, \, wu, v are congruent modulo 2 to those 
_in one of the six sets 


(39) (0000), (o110), (o1or), (1010), (r1oor), (1111). 


TERN RT eae S OTe eee eet to EES 


“norm is 3, so that the set does not have properties 
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For the first of these sets, XY =4(u+vE) is of the form 
x+y, where x and y are complex integers, and hence 
belongs to the set J of all such elements. If from the 
half of any complex integer we subtract a suitably chosen 
complex integer x, we obtain $u, where u= x+Xi, k=0 or 
1, \=o or 1. Hence any element of S is the sum of a 
suitably ‘chosen element x+y of J and an element 
H =3(u+vE) for which (x, \, u, v) is identical with one 
of the sets (39) and not merely congruent to it. Hence 
S is derived from J by annexing one or more of the ele- 
mretits fi... .. . , He détined by the second, . . ;2% 
sixth set (39), respectively. 

Let S, be the set obtained by annexing either of 


(40) H,=3(0+£), Hs=3(1+7E) 


- tol. It contains both of them since 


H.E=H,—-31(1+8), H,E=H.—}i(1+8), 


_ while‘1+ is an even integer. 


Let S, be the set obtained by annexing either of 


(4x) Hy=H(I+E),  Hy=3(1 +B) 
4 to J. It contains both of them since 


iE - H,=H,—3(1+ 8), iE - H,=H,— (1+ 8). 


If we annex all of the elements (40) and (41), we 


obtain a set containing H,+H,—E=3(1+7), whose 


+ 
fH 
A 
* 
e 


If to J we annex H,=G, given by (38), we obtain a 


et containing G=H,+H,=H;+H,, so that the set is 


a sub-set of both S; and S,. 
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Hence the only maximal sets containing J are S, 
and S,. In view of their origin they have properties 
R and U. It remains to verify that ad have the 
closure property C. 

Note that S, has the basis 1, 7, H., H; since from the 
first two and the doubles of ae last two we deduce E 
and z£ and hence the basis of J. Since #,=7H,+1, 
the elements of S, are all of the form «+yH., where x 
and y are complex integers. Thus S, is closed under 
multiplication since 


Hji=—1-1H,, H?2=—i(1+ 8B). 


Similarly, S, has the basis 1, 7, H,=7H,, H,, and is 
closed under multiplication since 


Hya=1—1H,, Hi=H,—4(1+ 86). 


THEOREM. Let D be the algebra composed of the ele- 
ments x+yE, where x and y range over all complex num- 
bers with rational co-ordinates, while F?= —6, Ex=x’E, 
and B is an integer. Wuthout loss of generality we may 
take B to be 1 or a product of distinct primes of the form 
4n+3 or the negative of such a product. Then every maxt- 
mal set of elements having properties R and C, and con- 
taining the basal units 1, 1, E, tE, is formed of all the 
elements x+yB, where x and y range over all complex 
integers, while B is given by (38) if B=1 (mod 4), but B is 
either H,or H,in (40) or (41) if B=3 (mod 4). Hence in 
the latter case, D has two such maximal sets. Except for 
B=—1, Dis a division algebra. . 

It remains only to prove the final remark in the 
theorem. As noted above, D is a division algebra if — 6 
is not a sum of two rational squares. Suppose that 


— B= (y/<*-1(0/€}, 


PE LE EM a Ee a 
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_ where y, 6, € are integers and e has no factor >1 in 


common with both y and 6. Then §8 divides 
—Beé=~y’+6 and hence divides both y and 6 by the 
lemma. Write y=y7.:6, 6=6,8. Then —é=£(77+8)). 
Hence 8 divides ¢?+0? and hence also e by the lemma. 
Since e has the factor 6 in common with both y and 6, 
B=+1. For B=+1, — 8 is not a sum of two rational 
squares. Hence D is a division algebra unless B= —t1. 

The case B=—3.—We saw that S has the basis 
1,1, E, G, with G defined by (38). Hence every integral 
element is of the form 


G=X+xt+x,E+%x,G, 


where the x; are integers. Let h=hA+.... +46 
be any element of D. Then if m is a positive integer, 
the coefficients of 1, 2, H, cE in h—mq are 


do=h.+3h3— M(XLo+3%3), d,=h,+3h3— mx: +343), 
d.=h,+$h;—m(x.+4%;), d,=%3(h;—mx;). 


By choice of integers %;, %2, %:, %, we see thatd,,.... 
d, can be made numerically Sim, im, 3m, im, 
respectively. But 


N=N(h—mqg) =@42:4+ B@+a). 


For B= —3, B(d:+d;) lies between —13m? and o. Also, 
d;+d; lies between o and $m?. Hence WN lies between 
—m and +m. Then as in Lemma 2 of § ot we can 
always perform the two kinds of division each with a 
remainder whose norm is numerically less than the norm 
of the divisor. From N(g)=-£1, we see that the number 
of units is infinite. 
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The case B=+3.—Employing the set S, with the 
basis 1, 7, H., H;, we obtain as in Lemma 1 of § g1 


N(h—mq) S (m)?+ (gm)?-+3(4m)?-+3 (4m)?= 4 $m? <m’. 


Then Lemma 2 of $91 holds. From the integral solu- 
tions of 4N(q) =4, we obtain at once the 12 units of D: 


rs =i4: a 8 +(H,-—1), sei. +(H,—1). 


Thus D is not equivalent to the algebra in the preceding 
case, while neither is equivalent to the algebra of rational 
quaternions which has 24 units. 

The reader acquainted with the elements of the 
theory of numbers will find no difficulty in developing 
for algebra D with 6 =+3 an arithmetical theory analo- 
gous to that for quaternions in § gt. 

106. Application to Diophantine equations. By way 
of example consider 41+ .... +a5;=2%. By factoring 
- 4§—4X;, we reduce this equation to 


(42) © PLP LET w= uy. 
Since the norm #?+7?+2?+w?’ of the product 
(43) x+yitsj-+wk= AB 
of two quaternions | 
(44) A=a+bitq+dk, B=a+i+yj+6k 


is equal to the product of their norms, (42) has the 
solutions 


x=aa—bB—cy—dé, y=aB+ba+ci—dy, 


(45) z=ay—bi+ca+dB, w=ad+by—c6+da, 
u=a?+6?-+¢+d?, v=a?+ P+ y?+ 6". 


RS aha SR 
oe a 


fe ai 
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We shall first find all rational solutions of (42). 
If v¥o, we may evidently write 


“%_@ yo s 


? 5) S 


Tee 
va v «a er 


where a, a, b, c, d are integers without a common factor 
Len. 


U_ ()"+ a 


Vv a? 


Denote the rational number v/a? by f. Then 


(46) | x=faa, y=fba,  zs=fcea, w=fda, 
" u=f(e+b?+c?+4d?), v= fa?. 


The rational solutions of (42) with v=o have x=y= 
z=w=o and hence are given by (46) with a=o. The 
products of an arbitrary rational number / by the six 
numbers (45), in whicha, .... , 6 are integers without 
a common factor >1, give all the rational solutions of 
(42). In fact, we just proved that they are all given 
by (46) to which the products of f by the numbers (45) 
reduce when B=y=6=o. 

To prove that we obtain all integral solutions when 
we restrict the multiplier f to integral values, we have 
merely to show that, when the products of the numbers 
(45) by an irreducible fraction 1/p are equal to integers, 
so that the numbers (45) are all divisible by », then the 
quotients are expressible in the same form (45) with new 
integral parameters in place of a,...., 6. It is 
sufficient to prove this for the (equal or distinct) prime 
factors of p, since after each of them has been divided 
out in turn # itself has been divided out. 
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Hence let p be a prime which divides the six numbers ~ 
(45). In particular, p divides the norm u of the quater- 
nion A having integral co-ordinates. By Lemma 3 of - 
§ or, A has in common with / a right divisor not a unit. 


By Theorem 4, p is a product PP’=P’P of two con- — 
jugate prime quaternions with integral co-ordinates. | 
After choice of the notation between P and P’, we have 


A =OP, where Q is an integral quaternion. 


i) Let p>2. Then Q has integral co-ordinates. — 
Otherwise Q=%$q, in which the four co-ordinates of q_ 


are all odd integers, and 
AP'=QPP’=49p=4p + q 


does not have integral co-ordinates in contradiction with 
the fact that A and P’ and hence also AP’ have integral 
co-ordinates. 

Since x, y, z, w are divisible by p by hypothesis, 
(43) shows that AB=/pC, where the quaternion C has 
integral co-ordinates. Either B has P’ as a left divisor 
and B=P’q, where as above gq has integral co-ordinates, 
or else the greatest common left divisor of B and P’ is 
unity, so that 1:=BD+P’E, where D and £ are integral 
quaternions. In the latter case, 


A=A+BD+A-P'E=pC -D+0Q- PP’. E=p(CD+(QB), 


where CD+QE is an integral quaternion, so that its 
double is a quaternion Rk having integral co-ordinates. 
Hence 2A =pR, whereas the co-ordinates of A may be 
assumed to be not all divisible by p. For, if a, 6, c, d 
are all divisible by p, then a, B, y, 6 are not all divisible 
by p and we may employ from the outset the conjugate 
B’'A’ of AB in place of AB in (43). Hence the second 
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7 of the foregoing cases is excluded and we have B= P’g. 
_ Thus 


A=OP,) Q=athitaj+d.k, 

u=N(A)=p(ai+ .... +d?) 
_ B=P’'g, g=at+Bityyt+oik, 
. v=N(B)=p(at+ .... +63), 


_ where a,,.... , 6, areintegers. Then by (43), 


AB=QPP"q= pQq, at git sit se= Oe. 


4 Just as equations (45) were obtained from (43), we now 
' see that the expressions for x/p, y/p, 2/p, w/p, u/p, v/p 
are derived from the expressions in (45) by replacing 
ma, ....,6 by the eight new integral parameters 
4 d;,.... , 6; This completes the proof for any odd 
_ prime Pp. 3 

| ii) Let p=2. Since wu is divisible by 2, a+b+c+d 
- iseven. Hence at least one of a+b), a+c, a+d is even. 
These three cases differ only in notation since the substi- 
tution J =(bcd)(By5)(yzw), which permutes 6, c, d 
cyclically, etc., leaves unaltered* the system of equations 
_ (45). Hence we may assume that a+ is even, whence 
c+diseven. Then 


A=a—b+6(1+72)+ (c—d)j+dk(1+7) 


is evidently the product of a quaternion Q having integral 
co-ordinates by P=1+72, since 2=(1—7)P. Similarly, 
if a+ 8 is even, B=P’g and the last part of case (i) 

* This is due to the fact that T corresponds to the cyclic substitu- 


tion (ijk) on the units, which leaves unaltered their multiplication 


table (§ 11). 
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q 
: 
: 
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leads to the same conclusion when p=2. But if a+ 8 | 
is odd, y+6 is odd and either a+y or a+6 is even. | 


These two sub-cases are interchanged when we replace 
a by 6, 6b by —a, y by —6, and 6 by y, whence z and w 
in (45) remain unaltered, while x is replaced by y, 
and y by —x. Hence leta+ybeeven. Since a+0 and 
c+d are even, whilea+ 8 and y+6 are odd, 


o=x=aa+a(at+1)—cy+te(y+1)=a+c (mod 2). 


Applying the inverse substitution T~* to a+c and a+y7, 
we are led to the former case in which a+6 and a+ 8 
are even. 

THEOREM. All integral solutions of x°+y+2+w? = 
uv are given by the products of the numbers (45) by an 
arbitrary integer and hence are given by the formula which 
expresses the fact that the norm of the product of two quater- 
nions ts equal to the product of their norms. 

This simple method due to the author* has led to the 
complete solution in integers of various Diophantine 
equations not previously solved completely. It is 
evidently applicable to 4#?+7?+3(2?+w*?)=wuv since 
there exists a greatest common left (or right) divisor of 
any two integral elements of the algebra D of § 105 
with 6=+3. 

In his book (cited in § 91), Hurwitz employed quater- 
nions to prove classic theorems on the number of ways 
of expressing a positive integer as a sum of four integral 
squares and to prove that every real linear transformation 


Vi= QixXr+ eyes 5 tt deg (¢=1, 2,35 4) 


* Comptes Rendus du Congrés International des Mathématiciens 
(Strasbourg, 1920) pp. 46-52. Further developed in Bulletin of the 
American Mathematical Society, XX VII (1921), 353-65. 


34 
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| d of positive determinant for which 2y?=c2x? may be 
. q obtained from the equation y=axb between real quater- 
a nions. In particular, for c=1, every real orthogonal 

7 transformation of determinant +1 on four variables 
_ is obtained from y=axb where the norms of the quater- 
_nions a and 6b are unity. To obtain corresponding 
i results for three variables, take y,=x,=0, b=a’. 


CHAPTER XI 


FIELDS 


107. Examples. In § 1 we gave several examples of - 
fields of ordinary complex numbers. ‘There exist also — 
fields of functions; one example is the set of all rational — 
functions of a variable x with rational coefficients; a 
more general example is the set of all rational functions 
Oi tne sngenendent. complex: vatiables a, 03 = 7a 
having as coefficients numbers belonging to any chosen 
field of complex numbers. 

Still further types of fields are obtained if we adopt 
the purely abstract definition next explained. 

We shall treat only those properties of fields which are 
required to make the theory of algebras presented in 
the preceding chapters valid for algebras over an arbi- 
trary field. 


108. Postulates* for a field. A field F is a system 
consisting of a set S of elements a, 0, c, .. . ama 
two operations, called addition and multiplication, 
which may be performed upon any two (equal or dis- 
tinct) elements a and 6 of S, taken in that order, to pro- 
duce uniquely determined elements a@b and aObd of S, 
such that postulates I-V are satisfied. For simplicity, 
we shall write a+6 for a@®b, and ab for a©Ob, and call 
them the swum and product, respectively, of a and 0. 


‘Moreover, elements of S will be called elements of F. 

* Essentially the second set by Dickson, Transactions of the Amer- 
ican Mathematical Society, IV (1903), 13-20. For other definitions by 
him and by Huntington, see ibid., VI (1905), 181-204. 
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4 I. If a@ and 6 are any two elements of #, a+ and 
4 ab are uniquely determined elements of F, and 


b+a=a-+), ba=ab. 
| II. If a, b, c are any three elements of F, 
(a+b)+c=a+(b+c), (ab)c=a(bc),  a(b+c)=ab+ac. 


III. There exist in F two distinct elements, denoted 
by o and 1, such that if a is any element of fF, a+o=a, 
a+ t=a (whence o+a=a, 1+ a=a by I). 

IV. Whatever be the element a of F, there exists in 
F an element x such that a+x=o (whence x+a=0 by I). 

V. Whatever be the element a (distinct from o) of F, 
there exists in F an element y such that ay=1 (whence 
ya=1 by I). 


109. Simple properties; subtraction and division. 

VI. The elements denoted by o and 1 in III are 
unique and will be called the zero and the unity of F. 

For, if a+z=a and au=a for every a in F, we have 
in particular o+z=0, 1-u=1. But, by III, 0+2=z, 
t*u=u. Hence z=o, u=1. 

VII. If a, b, c are elements of F such that a+b=a-+c, 
then b=c. 

For, by IV, there exists an element x of F such that 
x+a=o. Using also II,, we get 


b=0+b=(x+a)+b=44+ (a+b)=x«+ (a+c) 
=(x+a)+c=o+c=c. 


In particular, if a+b=0 and a+c=o, then b=c. 
Hence the element x in IV is uniquely determined by 
a; it will be designated by —a. 
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VIII. Ifaand 6 are any elements of F, there exists 
one and (by VII) only one element x of F for which © 
a+x=), viz.,.x=—a+b. For, 


a+[—a+6]=[a+(—a)|+b0=0+b=5). 


The resulting element x will be written b—a and called | 
the result of. subtracting a from 0. | 
IX. If a, b, c are elements of F such that ab=ac and — 
ao, then O=c. | 
For, by V, there exists an element y of F such that — 
ya=1. Using also II., we get : 


b=1 - b=(ya)b= (0b) =y(ac)=(ya)c=1 - c=. 


In particular, if a=1 and ac=1, then b=c. Hence 
the element y in V is uniquely determined by a; it is 
called the reciprocal (or inverse) of a and designated 
by 1/a or at. | 

By II, with c=o and VII, ao=o. Taking c=o in 
IX, we see that ab=0, ao, imply b=o. 

X. If a and 0b are elements of F and ao, there 
exists one and (by IX) only one element x of F such 
tat ax%=0, viz., x=a “0. 

For, 

a(a-*b)=aa-* - b=1 - b=). 


The resulting element x will be designated by 6/a 
and called the quotient of b by a, or the result of dividing 
b by a. 

110. Example of a finite field. Let » be a prime 
number >1. All integers a, at+p, at2p,.... which 
differ from a by a multiple of p are said to form a class 
of residues [a] modulo p, and this class may also be 
designated by [a+kp], where k& is any integer. Hence 
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- there are exactly p distinct classes: [o], [1],...., 
[p—1]. We shall take them as the p elements of a 
finite field F in which addition and multiplication are 
defined by 


[a]+[o"]=[e+a'], [a] [a’]=[aa'}. 


ie 
b 
Pes 
@ 
FY 
! t 


To justify these definitions, note that if k and / are any 
integers, the sum and product of a+kp and a’+/p are, 
respectively, ata’+mp and aa’+ltp, where m=k-+, 
t=al+a’k+klp. In other words, whichever number of 
class [a] we add to whichever number of class [a’], we 
always obtain a number of the same class [a+a’]; and 
similarly for multiplication. 

For these p elements and for addition and multiplica- 
tion just defined, it is easily seen that the postulates 
I-IV for a field are all satisfied. Classes [o] and [1] are 
the zero and unity elements, respectively. Postulate 
V states that if [a] is any class ¥[o], there exists a class 
[y] such that [a] [y]=[z], and is another statement of the 
well-known theorem that, if a is any integer not divisible 
by the prime #, there exist integers y and z such that ay= 
1+pz. For example, if p=5,a=2, 3, or 4, then 


2°3=I+5°1=3°2, 4°*4=I1+5>° 3. 


To prove the last theorem, assign to y the values 1, 2, 

. , P—1I, and divide each product ay by p to obtain 

a remainder >o and <p. Since the p—1 remainders 

are distinct, they must be 1, 2, ...., #—1 IN some 
order. Hence one remainder is 1, as desired. 

111. Indeterminates and polynomials in them. We 

shall first define a single indeterminate x and polynomials 
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(1) Ataxt+.... +a,x" 


in x having as coefficients elements a, ...., ag Of 
any field F. 
We consider simultaneously for m=0, 1, 2,... . all | 


sets 
a= (dp, Utes 6 ey On) 


Of 7-4-1, ordered elements. a,, a: . .4. ., dq ot 
‘The set 


b=(B,, B,, ee Ke | B.), mM=N, 
shall be called equal to the set a if and only if 


B;= 0; (i=0, ne n), B;=0 G=n+1, pee Wa , m). 
The sum a+6 of a and 0 is defined to be the set 


(a+ fa, Re eee ris eal 6 Bu-+1, ee fy a 


The product aé is defined to be (Yo, ¥1, . . - » » Yntm)s 


where 
kh 


Yo=APo, Y1=4)8:+ 41s, fe eas = > OB $a ees 


In particular, for sets composed of single elements, 
(a)+(B)=(a+8), (a)(8)= (a8). 
Hence these sets form a field which is abstractly identical 
with /, so that no contradiction can arise if we identify 
(a) with a. Accordingly, if p is any element of F we 
define (p) to be p. Then 
pa=ap=(p)a=a(p)=(pa, .... 4 Pan). 
Denote the set (0, 1) by x. Then 


x= (0, 0, 1); = (6) ai 6 ig yp Oe), 
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, in which 1 is preceded by k& zeros. Hence 

D (ao, ax,» . + 5 On) = (a6) +(0, ox) +(0, 0, 2) 2... 
=a+a,(0, 1)-a,(0,0,1)+.... 


takes the form (1) above, which is called a polynomial 
in the indeterminate x = (0, 1) with coefficientsa,...., 
(a 10 

Two such polynomials are therefore equal only when 
corresponding coefficients are equal, while their sum and 
product are found exactly as in elementary algebra. 

If ano, polynomial (1) is said to be of degree n in x. 
No degree is assigned if a,.=0,.,..', a,=0. The 
degree of the product of two polynomials in % is evi- 
dently the sum of their degrees. Hence the product is 
zero only when at least one polynomial factor is zero. 

To define polynomials in two indeterminates x and 
y, consider sets s=[a, a1, .... , G| Of m+1 ordered 
polynomials 


at Cot Col 1 Cost TO. ks ) 


og Og = Cyt Cg: he Cg te SR 


in x with coefficients cj; in F. Define equality, addition, 
and multiplication of sets exactly as above. Write y 
for the set [o, 1]. As above, 


S=aqt-ayt.... +a,y"= > Gio ote cat? + Ry 


The final sum is called a polynomial in the two indeter- 
minates x and y with coefficients c in F. 

The method just employed to define polynomials in 
two indeterminates by means of those in one may be 
used to define polynomials in k (commutative) indeter- 


206 FIELDS [CHAP. XI 


minates 2,, ... . ; x*.by means of those iv x, 1.74. 
Xz-:- By induction on k we obtain the 


b 
j 


: 
; 


o >] , 


THEOREM. Two polynomials in the indeterminates | 
Nry s+ ss, XE with coefficients in F are equal only 


when corresponding coefficients are equal. Their sum and 
product are found as in elementary algebra. Their product 


is zero only when at least one of them is zero. All operations 


on polynomials in tndeterminates are in their last analysts 
operations on sets of ordered elements of the given field F. 

it joe fo are polynomials 1n-.dy, 2:04 4. oe ee 
coefficients in / such that f=gh, then f is said to be 
divisible by gandh. ‘Then if neither g nor / is an element 
of F, f is called reducible with respect to F. But if f 
has no divisor other than a and af, where a is an element 
~o of F, f is called trreducible with respect to F. 

For example, *,—4%, 1s reducible and x,—3%, 1s 
irreducible with respect to the field of rational numbers. 

112. Polynomials which vanish throughout F. We 
shall consider first a polynomial f(x) of degree m>o0 in one 
indeterminate x with coefficients in the field F. If e 
is an element of F, we have 


ah = (ak-ttyk—2et yk-se2t . . . . +axet—2?+e8-*) (x—e) te’. 


Multiply by the coefficient a, of x* in f(x) and sum as 
to k. We get f(x) =QO(x)(x—e)+f(e), where Q(x) is a 
polynomial of degree ~—1 in x with coefficients in F. 
When the element /(e) of F is zero, we shall say that f(x) 
vanishes for e and has the divisor x—e. 

Let f(x) vanish for two distinct elements e, and e, of 
fF, From 


f(x) =(x— e:)QO(x), o= (e2.—€:)O(E2) ede) 
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we have Q(e.) =o, so that Q(x) has the divisor x—e,. 

Thus f(x) =(x—e:)(x—e.)Q,(x). A repetition of this 

argument shows that, if f(x) =a.x"+ ... . vanishes for 
m distinct elements e;,.... , é, of F, then 


f(x) =ao(x—e:)(x—e2) . . 2. (¥—e). 


: If f(«) vanishes also for e which is distinct from 
 €,...., €, then a=o. Repeating the argument on 
: ax"*+ ...., etc., we obtain the following con- 
- clusion: 

I. If a polynomial ax"+ .... + ay with coefficients 
_ in F vanishes for more than n elements of F, each coefficient 
| Q; 1S Zero. 

II. In any infinite field F, a polynomial in x with 

coefficients in F is zero (identically) if it vanishes for all 
_ elements of F. 
: But IT need not hold for a finite field. For example, 
if Fis the field of the classes of residues of integers modulo 
p, a prime (§ 110), the polynomial «’ —x is not zero, but 
vanishes for every element of F since, by Fermat’s 
theorem, e?—e is divisible by p when e¢ is any integer. 

III. A polynomial f(x, ...., %n) im n indeter- 
minates with coefficients in an infinite field F 1s zero 
(identically) if it vanishes for all sets of n elements of F. 

To give a proof by induction, let III be true for poly- 
HGmials 1 4, 2 <.., Xe-n., Loen LLis true tor su 
it lacks x,. Hence let 


f= So(%1, + ee eh Xn—1)Xa+ aida, + 8m (%2, RIN %n—x), 
L070, m=TtI. 


In view of the hypothesis for the induction, we may 
~ assign elements £,,...., &-: of F such that g,(é, 
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. , &:-1)%0. Then f becomes a polynomial in 
the single indeterminate x,, which, by II, does not 
vanish for a certain element e of F. But this contra- 
dicts the assumption that f vanishes for the set of ele- 
PCN one. | 

113. Laws of divisibility of polynomials in x. It 
is to be understood that all the polynomials employed — 
have their coefficients in any fixed field F. 

We shall first prove that there exists a greatest com-_ 
mon divisor of any two polynomials f(«) and h(x), the 
latter being of degree m>o0. The process employed in 
elementary algebra to divide f(«) by h(x) is purely rational 
and hence leads to a quotient g,(x) and a remainder 
r(x), each being a polynomial with coefficients in F, 
such that either 7,() is zero (and then f is exactly divisible 
by /) or r,(x) has a degree 1,(n,<n). In either case, | 


f(x) =h(x)qu(x) +1:(x). 

If 7,(x) #0, we divide h(x) by r,(x) and obtain a | 
quotient g.(x) and a remainder r,(«) which is either zero — 
or has a degree 1.(”.<m,), whence 
A(x) =r1(%)g2(x%) +72(«). 

If r,(x) 40, we repeat the process on 7, and 7.2, and get : 
r(x) =r2(x)g3(%) +73(x). 


Since ”, m;, %2, ... . form a series of decreasing 
integers 2o, the process must terminate and ultimately — 
lead to a remainder 74, which is zero, while m0. The 
final equations of the series are therefore | 


Figa-alX) oa Tm—(X) Gm (%) ria), 
rm—(x) = Vm (X)Qm-+-1(%). 
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Employing these equations in reverse order, we see 
Sat Fil X) GIVIdES Fadl S), Fad); (0°. Arley ran 
r(x), h(x), f(x), and hence is a common divisor of the 
given polynomials f and h. 

Conversely, employing the equations in their original 
order, we see that any common divisor of f and / is a 
MaSGr Or 7.0 fk s,s: Fads Ta 
| Hence the common divisors of f and /# coincide with 
the divisors of 7m(x), which is therefore called a greatest 
common divisor of f and hk. Let g(«) be any greatest 
common divisor of f and h#, 1.e., a common divisor 
which is divisible by every common divisor. Then 
g(x) and r»(x) divide each other, whence g(«) =arm(x), 
where a is an element 0 of the field F. 
From the first two equations above, we get 


m=f—gqh, ra=—gft(itaqgz)h. 
, Inserting these values into the third equation, we get 
rs= (1-9293)f— lat gs(1 + qga)|h. 


It follows by induction on 7 that 7; is a linear homo- 
geneous function of f and # whose coefficients are poly- 
nomials in x. The same is therefore true of g(x) = 
AT m(X). 3 

We have now proved the following theorem: 

I. If f(x) and h(x) are any polynomials in an indeter- 
minate x with coefficients in any field F, such that f and 
h are not both zero, they have a greatest common divisor 
g(x), with coefficients in F, which is uniquely determined 
up to a factor ¥o belonging to F. There exist two poly- 

nomials s(x) and t(x) having coefficients in F such that 


(2) g(x) = s(x)f(~) Fea) h(a). 
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In case g(x) reduces to an element y 0 of F, we shall 
call f(x) and h(x) relatively prime. In that case, we 
multiply the terms of (2) by 6, where yé=1, and write: 
a(x) =8s(x), r(x) =6t(x). Hence if f and / are relatively’ 
prime, there exist polynomials o and 7 with coefficients 
in F such that | 


(3) r= o(x)f(x)+7(x)h(~). 


Multiplying (3) by k(x), we deduce 

II. If f(x) and h(x) are relatively prime, and if the 
product f(x)k(x) is divisible by h(x), then k(x) is divisible 
by h(x). 

If both f(x) and I(x) are relatively prime to h(x), we 
have (3) and 1=s(x)l(x)+é(«)h(x). By multiplication, 


1=osfl+(oft+7sl+ rhi)h, 


which shows that fl is relatively prime to hk. This 
implies 

III. If two or more polynomials in x are each relatively 
prime to h(x), their product is relatively prime to h(x). 

A polynomial is evidently either divisible by an 
irreducible polynomial or else is relatively prime to it. 
Hence III implies 

IV. If the product of two or more polynomials ts divisible 
by an irreducible polynomial h(x), at least one of them is 
divisible by h(x). 

A reducible polynomial f(x) is by definition the prod- 
uct of two polynomials f,(x) and f,(«) each of degree 21. 
If f(x) is reducible, we replace it by a product of two 
polynomials each of degree 21. Proceeding in this 
manner, we obtain a factorization 


f(x) = pi(m)palx) . . . . pela) 


_ of f(x) into irreducible polynomials each of degree =1 


and having all coefficients in F. If there were a second 
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such factorization 
F(x)=qr(x)qr(x) .. . . (x), 


the latter product of irreducible polynomials g;(x) would 
be divisible by p,(”), whence, by IV, a certain g;(x) would 
be divisible by /,(x). After relabeling the q’s, we 
may take i=1. Then g,(x)=a,p,(%), where a, is an 
element ~o of #. Thus 


pi(x)[p(x) .... pi(x) — axg2(2) 22 G(x)|=0. 


Hence the second factor is zero. As before, p2(”) would 
divide one of the g;, 122, say g2., whence g.=a2)>. 
Proceeding similarly, we obtain 

V. Any polynomial reducible in F can be expressed as 
a product of polynomials irreducible in F; apart from the 
arrangement of the polynomials and the association of 
multipliers belonging to F, this factorization can be effected 
in a single way. 

The theorems of this section are illustrated in § 116 
for the case of congruences with respect to a prime 
modulus. 

114. Laws of divisibility of polynomials in several 
indeterminates. The theorems of this section are 


. stated explicitly for polynomials in two indeterminates 


x and y. However, if we interpret x to mean a set of 
indeterminates x,,.... , %,, the theorems concern 
polynomials in x, ...., %, y and are established 
by induction from ” to n+1 variables by the proofs as 
written,” if we assume that Theorems V, VII, VIII hold 


* Provided the citations to I, IV, V of § 113 be replaced by citations 
to the analogues of V, VIJ, VIII below for polynomials in x, .... , xn. 
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for polynomials in %,,....,%,. Since the latter™ 
theorems were proved in § 113 when m=1, the induction — 
will be complete. | 

If p;(«) and o;(x) are polynomials in x with coefficients _ 
in F, 


(4) r(x, y= D> pila)y’, Pn(x) 0; 


m 


s(x, y) = SS a;(x)y, om(x)¥O | 
are of degrees m and m, respectively, in y. By I of § 113, 
pox), ... +, Pn(x) have a greatest common divisor 
p(x). In case p(x) reduces to an element of F, we call 
r(x, y) primitive in y. Let a(x) be a greatest common 
iisoy Gt Oye), . «. . Omit). “Phen 


(5) ra, ») = p(x)R@, y), —-8(", y) = o(x)S(x, 9), 


where F and S are primitive in y. 

I. If the product of r(x, y) and s(x, y) is divisible by a 
polynomial P(x) which is irreducible in F, either r or s is 
divisible by P(x). 

Since this is evident if every p;(«) or every o;(x) in 
(4) is divisible by P(x), let p,(x) and o,(x) be relatively 
prime to P(x), and p;(«) and o;(«) be divisible by P(x) 
ior ¢> ~,7>g@. ‘Then 


p q 
rs= > pilx)y* + >) oily +P()OC, 9). 
Since rs is divisible by P(x), the coefficient p»(x)o,(x) of 
y’t4 must be divisible by P(«), contrary to IV of § 113. 

Il. Lf two polynomials r(x, y) and s(x, y) are primitive 
in y, their product is primitive in y. 7 
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For, if rs is not primitive in y, then rs=r(«)T (a, ¥), 
where 7(x) is not an element of F and hence, by V of 
§ 113, has a factor P(x) which is irreducible in F. Then, 
by I, either 7 or s is divisible by P(x), whereas each is 
primitive in y. 

III. If, in (5), Rand S are primitive in y and if r is 
divisible by s, then R is divisible by S, and p(x) is divisible 
by a(x), 

For, if r=sk, where k= k(x) K(x, y) and K is primitive 
in y, then 

r=okSK, r=pR. 


Since SK is primitive in y by II, a greatest common 
divisor of the coefficients of the powers of y in r is cx 
by the first equation and is p by the second. Hence, 
by I of § 113, cx=ap, whereaisin F. Then R=aSK. 

COROLLARY. Any divisor of a polynomial primitive 
in y 1s itself primitive in y. 

This proof establishes also 

IV. If p(x)R is equal to the product of o(x)S by x(x)K, 
where R, S, K are primitive in y, then R=aSK and 
ox=ap, where a is an element of F. 

V. Two polynomials r(x, y) and s(x, y) with coefficients 
in F have a greatest common divisor [r, s| which is uniquely 
determined apart from a factor belonging to F. The prod- 
uct* rm of |r, s| by a certain polynomial in x is expressible 
_ as a linear combination of r and s, while |r, s] itself may 
not be so expressible. 
| * For example, let r=(«+1)y—1, s=x(y+1), and let F be the 
field of rational numbers. Evidently [{v, s]=1, which is not a linear com- 
_ bination of r and s since they are both zero when x= —2, y=—1. This 
- holds also if F is the field of the three classes of residues of integers 


modulo 3 ($110). Hence we cannot prove VI by the method employed 
for IT of § 113. 
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. For, let s=v(x)y"+ .... be of degree m>o in y. 
If r is of degree n+k—1 in y, the algebraic division of — 
v'y by s yields a quotient g, and remainder 7, which is 
either zero or has a degree 2,(”,<m) in y, whence 


vr=sqatn. 


But if 7 is of degree <m in y, we take k=o, g;=0, 1:=7, 
and see that the preceding equation continues to hold. 

If 2,>0, we write r,=2,(%)y“+ .... and fing 
similarly that 


US=Ng2atT , 


where r, is either zero or has a degree n,(n.<m,) in y. 
Since 7, 2,2, . . . . formaseries of decreasing integers 
=o, the process terminates and ultimately leads to a 
remainder 7m+: Which is zero, while 740. The final 
two equations of the series are 

WM 4 2= Tmt Tm ’ ig a ae . 

Employ (5) and rm4=7(x)T(x, y), where R, S, T are 

primitive in y. Any common divisor of R and S divides 

r and s by (5) and hence divides 7,, rz, .... ,» T= im 
view of our equations. Such a divisor of R and S is 
primitive in y by the corollary to III. Since it divides 
f_4=71, it divides T by III. 

Conversely, any divisor of T is primitive in y by 
the corollary. Since it divides v'r,_;, it divides 7m—1. 
Similarly, 1. is 2 divisor of fa_>, . .-. 2 y Fa i Se ee 
hence of R and S. 

The two results show that T7=[R, S]._ Then, by III, 


r, s]=[e, o]T. 
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In case [7, s] is an element of F, 7 and s are called 
relatively prime. 

VI. If r(x, y) and s(x, y) are relatively prime and if 
r+ k(x, y) ts divisible by s, then k is divisible by s. 

For, s is a divisor of both rk and sk, and hence of 


[rk, sk|=[r, s]k=ak, ain F, 


VII. If the product of two or more polynomials in 
x and y is divisible by a polynomial s(x, y) which is irre- 
ducible in F, at least one of them 1s divisible by s. 

For, if rk is divisible by s, and 7 is not, then 7 and s 
are relatively prime. ‘Then, by VI, & is divisible by s. 

VIL. Unique factorization into irreducible polynomials 
follows as in V of § 113. 

115. Algebraic extension of any field. In $1 we 
employed a root a of an algebraic equation having 
rational coefficients and noted that the rational functions 
of a with rational coefficients form the algebraic number 
field R(a), which may be regarded as the algebraic 
extension of the field R of all rational numbers by the 
adjunction of a. We may replace R by any other sub- 
field S of the field of all complex numbers, employ a 
root a (existing as a complex number) of an algebraic 
equation with coefficients in S, and conclude that the 
rational functions of a with coefficients in S form a 
field S(a). 

But the preceding method cannot be applied directly 
to a field F not of type S, since we have, as yet, attached 
no meaning to the term root of an equation with coeffi- 
cients in F (apart from special cases in which there is a 
root in fF). We shall reach the corresponding goal by a 
different method. 
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Let P(«) be a polynomial of degree m=1 in the inde- — 
terminate x. This and all further polynomials to be | 
employed are understood to have all their coefficients in — 
the (arbitrary) field F. 

Two polynomials g,(x) and g.(x) are called congruent 
modulo P(x) if g,—g. is. divisible by P(x); we then 
write g,=g, (mod P). All polynomials which are con- — 
gruent to a given one g are said to form the class [g]. 
The zero class [o] is composed of all polynomials, includ- 
ing o, which are divisible by P. 

If also h,(~)=h,(x) (mod P), then 


fth=sz.th, ) £:hy=Llta (mod Pe 


Hence the sum of an arbitrary polynomial g;(x) of a class 
G and an arbitrary polynomial /;(*) of a class H belongs 
to a class uniquely determined by G and H, and is desig- 
nated by either G+H or H+G. Also their product 
belongs to a definite class designated by GH or HG. In 
other words, addition and multiplication of classes are 
defined by 


(6) [gltlAl=(el+lgl=[gth], = [el =I [g]=[g]. 


We assume henceforth that P(x) is irreducible with 
respect to F. If G+[o], any polynomial g(x) of G is not 
divisible by P(x) and hence is relatively prime to the 
irreducible polynomial P(x). Hence by (3) there exist 
polynomials a(x) and r(«) such that og+7P=1. But 
7tP=o (mod P), so that [go]=[z]. Let S denote the 
class containing o. Hence GS=[1]. | 

The postulates (§ 108) for a field are seen to be satis- 
fied by our classes as elements under addition and 
multiplication as defined by (6), with [o] and [1] as the 


BP $15] EXTENSION OF A FIELD 217 


zero and unity elements. Since each number a of F 
is a polynomial lacking x, it determines a class [a], and 
these special classes form a field simply isomorphic 
with FP. 

THEOREM 1. If P(x) is a polynomial irreducible.in 


F, the classes modulo P(x) of polynomials with coefficients in 


F form a field F, having a sub-field simply 1tsomor phic 
with FP. 

Each class #[o] is determined by the unique reduced 
polynomial of degree <m in the class, while the class 
[o] is determined by the polynomial o. We may there- 
fore employ these reduced polynomials, including o, 
as the elements of F,. Then the sum of two such 
elements g(x) and A(x) is an element of F,, but their 
product is the element obtained as the remainder of 
degree <m from the division of g(x) - h(x) by P(x) 


This remainder may also be obtained by the elimination 


of the powers of x with exponents 2” by means of the 
recursion formula P(*)=o. In other words, we may 
regard the element x of F, as a root of P(é)=o; this 
agreement is merely a convenient mode of expressing 
the fact that x is a root of the congruence 


(7) P(E) = (E—2x)Q(E, x)=0 [mod P(x) J, 


in which the polynomial Q(£, x) is the quotient obtained 
by dividing P(~) by £—x, the remainder being P(x). 
We have therefore solved the problem to extend a 
given field F to’a field F, containing a root of a given 
equation P(«) =o which is irreducible in F. 
For various applications we need an extension F’ 
of a given field F such that any given polynomial /(2), 


having coefficients in F,, shall decompose into a product 
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of linear factors with coefficients in F’. In case there 


is such a decomposition in F, we may take F’=F. In | 


the contrary case, f(x) has an irreducible factor P(x) of 
degree >1. In the field F,=F(x) obtained above, we 
have P(é)=(—x)Q(E, x), whence* f(£) =(€—z)/,(8), 
where f,(£) is a polynomial in £ with coefficients in F,. 

In case f,(€) is a product of linear functions of & 
with coefficients in F,, we may take F, as the desired 
field F’. In the contrary case, f(y) has a factor P,(y) 
which is irreducible in F, and of degree >1 in the new 
indeterminate y. As above, y is a root of P,(~)=o in 
an extension F,=F,(y) of F,, so that P,(&) has the 
factor —-y in F,. Thust /f,(&)=(&—vy)f.(£), where 
f2(&) has coefficients in F,. 

If f.(&) is a product of linear functions of £ with 
coefficients in F,, we may take F’=F,. In the contrary 
case, we employ a non-linear factor P,(£) irreducible in 
F,, and extend F, to F;=F,(z), where P,(z) =o. 

Proceeding similarly, we ultimatelyt obtain a field 
F’ in which f(é) is a product of linear functions of &. 

THEOREM 2. Given any field F and any polynomial 
f(x) with coefficients in F, we can determine an extension 
F’ of F such that f(x) is a product of linear functions with 
coefficients in F’, 

116. Applications to congruences; Galois fields. 
Although not required for our exposition of the theory of 
~ Yi This and the preceding equation are really congruences modulo 

x). 

} This is really a congruence modulis P(x), P:(y), viz., 

fil) —(E—Y) falé) =AP(x)+BPi(y), 


where A and B are polynomials in « and y with coefficients in F. 


t Or by adjoining a single root of the Galois resolvent of f() = oO, 
as proved by J. Konig (Algebraische Griszen [Leipzig, 1903], pp. 150-5 5). # 


‘esd Seeger toler 9 oan 


- 
gies Cobe)- APs 


: 
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algebras, an excellent illustration of the preceding theory 
is furnished by the case in which F is the field of classes 
of residues of integers modulo p, where p is a prime 
or ($ 110). 

By a polynomial in an indeterminate x we shall here 
mean one having integral coefficients. Two such 
polynomials are called congruent modulo »p if and only 
if the coefficients of like powers of x are congruent 
modulo p (i.e., their difference is divisible by £). 

A polynomial /(«), not congruent to 0, is said to be 
of degree m modulo # if the coefficient of «” is prime to p 
and the coefficients of all higher powers of x are divisible 
by p. Given also any second polynomial f(x), we can 
readily determine three polynomials gq, 7, s, such that 


(8) f(x) =h(x)q(«)-+r(«)+ ps(x), 


where 7(x) is either o or of degree <u modulo p. Incase 
r(x)=o (mod p), we shall say that f(x) is divisible by 
h(x) modulo p. 

Theorem I of § 113 now states that any two poly- 
nomials have a greatest common divisor modulo p which 
is congruent to a linear combination of the two. Again, 
Theorem V now states that a polynomial in x which is 
reducible modulo # is congruent to a product of poly- 
nomials each irreducible modulo #, and such a factoriza- 
tion is unique apart from the arrangement of the factors 
and apart from multipliers which are integers prime to Pp. 
It is unnecessary to restate similarly the remaining 
theorems of §§ 113-14. 

Each coefficient of r(x) in (8) can be expressed in the 
form a+b, where a and B are integers and oSa<p. 

The terms having the factor » may be combined with 
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ps(x). Also replace h(x) by a polynomial P(x) of degree : 
n irreducible modulo p. Then (8) becomes 


(9) f(x) =R(x)+pt(x) +P (x)q(x), 
_ where 
(10) R(x)=atax+t .... +4,-140"7? (oSa;<p). 


We shall say that f(x) has the ultimate residue (10) 
modd ~, P(x). All polynomials having the same ulti- 
mate residue R(x) are said to form a class [R(x)| modd #, 
P(x). Hence there are p” classes. By Theorem 1 of 
§ 115, they form a field of order p”, called a Galois field and 
designated by GF[p"|. Its elements may be taken to 
be the p” ultimate residues (10), where now the par- 
ticular residue « is regarded as a (Galois imaginary) 
root of P(x) =o in the GF[p"], as explained in § 115. 

It can be proved* that, if p is any given prime and 7 . 
is any given integer, there exists a polynomial P(x) of 
degree which is irreducible modulo P, so that the 
GF[p"| exists. It is uniquely determined by pf and n. 
Every finite field is a Galois field, a theorem:due to 
E. H. Moore. 


* Dickson, Linear Groups (Leipzig, 1901), pp. 13-19. 
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APPENDIX I 
DIVISION ALGEBRAS OF ORDER 1»? 


THEOREM.* If no power of vy less than the nth 1s the 
norm of a polynomial in x with coefficients in F, algebra D 
defined by (7) and (8) of § 47 is a division algebra. 

We arrange the roots of ¢(w) =o given by (5) of § 47 in 
the following order: 


eee, EOE), cy OE) 
£,=6() , 


whence 


(2) O(f:41) = &, enti br ($48 Es cy ee 
Let F(&) be the field obtained by adjoining to F one 


_. root, and hence every root (1), of ¢(w)=o. Let A be the 


algebra over F'(€) which has the same basal units as D. 
Then 


(x) = (w—&) is. . eee 
in A. Write 
G) eg rid + @ Be Bay) + («—£,) 
af (§;—&,) ai bl Se (;—&~1) (&:— S42) Sm Sele, (€:—&,) 


(G20. ou kp 


If we replace x by a variable w of the field F(é), the sum 

_ of the resulting fractions is equal to 1 for w=£;, since then 
Cz =1, Ce=O(R 2). Since the sum is a polynomial of degree 
ate Announced by the author, Bulletin of the American Mathematical 
Society, XII (1906), 442. The proof by Wedderburn, Transactions of 


the American Mathematical Society, XV (1914), 162-66, has been ampli- 
fied here by the addition of (1)-(10). 
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n—t1 in w, which is equal to 1 for the m values &(¢=1, ...., 
n) of w, it is identically equal to 1 (I, § 112). Hence 
(= CutCat .... Heyy =I. 


Since ej¢;;(¢ 47) has the factor ¢(x), itis zero. Multiply- 
ing (4) on the right by ej, we get (5.): 


(5) Cie}; =O (tj) , Ci; = Cit « 
From «y=y6(x) and (2), we get 
(x— Ei)y = 9} O(x) — O(Ei4s)§ =e Eis) Gi, 
in which the quotient g; is a polynomial in x. By (3), 


where k is independent of x. Hence 
eny=yPQ(x), P=U(w—ki4r), OG@)=k 1G. 


Writing j for +1, we see that P is the product of the x—é; 
having 72, whence P is the product of e2, by a number of 
F(é). By division, } 


O(x)=(x—-£.)h(x)+r, r=Q(é). 
But P(x—é,)=¢(x) =o. Hence 
erry = yPr= ye22C, Cr: = ye22C?, 


whence c?=c, c=1, and ény= Ye... 
If we permute &,....., &, cyclically, also en, ...., 
€n» in (3) are permuted cyclically. Hence 


(6) CHV=Jeitr, itr (GIL. ..., m); 
with the agreement that ¢,4+;, »+; denotes e;;. By induction, 


(7) ey" = yPepsi, k+i- 


ect elie “Suton es aes rer 
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We employ the following new elements of D: 
(8) é3 = "6, , cis yirti—ie,, G22. eg a 
Then, by (7), 


je cer 
CnrCi= VC C=C , ine ° ant ‘x * Cx =Cn, 
pa I n+1—i i—I ae = 
C1015 = ed fas Cit * Ci = Ci , Cj;011 = Cir. 


Introduce the elements ¢,=6:¢:, for rx¥#1, S¥1, 75. 
Hence 

CijOjk = Cj1C1j * Cjrrp = Cir * C1r * Crk = CixCig = Ci , 

CijOkl = Cir€1j * Chr€y = Cir * Crjljj * CrRekr * Cx] =O (7 ¥k) ? 


by (5:1). Hence the e;; obey the multiplication table of the 
simple matric algebra (§ 51). 


By (8), Cr2= Yea, Yenx = Ver. For 1<i<n, 
I n+-1—i i 
Ci, it1 = C161, pce id *@nxV *° Cj4ry i+, = VCj+1, i+: 5 


by (7). Summing and applying (4), we get 


(9) V=Crteas test . 2... Heg—rynbVem- 
As by the proof of (4), we have 


(10) eter t ... . thls. 


Since, conversely, the e;; were expressed above as poly- 
nomials in « and y, this completes the proof that algebra A 
is the simple matric algebra having the ? basal units ¢;j. 

By (10), *#*=Zé&e;. Multiply by a number a, of the 
field F(€) and sum as to s. Hence if f(x) is any polynomial 
with coefficients in F(&), 
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(11) f(x)= > fee. 


From (9) we find by induction that 


1 eee (5 


A 
(12) y= > Ci, ty >, Cn—r+jy fj - 
j=I 


4=I 


By way of check, note that y"=y. Hence 
(13) ¥f@)= >) Herren ity >, ferrtid- 
1=I1 j=I 


The matrix of (12) for r< is composed of zero elements 
except in two lines parallel to the main diagonal, that above 
the diagonal (on it if r=o) having n—r elements 1 and that 
below it having r elements y. Hence the determinant of 
the matrix (12) is (—1)"-""y"._ The matrix of (13) is of the 
preceding type except that each element is now multiplied 
by a factor f(é). 

Hence in the matrix form of the general element 


Le > Vf r(x) 


of algebra A, each element below the main diagonal has the - 


factor y. For its determinant |a| we therefore have 


(14) | @| y=o=fo(&:) oi fo(€n) =norm fo(E:) . 


We are now in a position to determine the conditions 
which y must satisfy in order that D shall be a division 
algebra. For any given polynomials /; in « with coefficients 
in D, we desire that 


= ty tht... tiyheaith 


eee eet. ee ee Pie es ee he ce 
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shall have an inverse. Write 
oe Re as Rane 
where the &; are polynomials in x. Then 


as=yty ty ky) ty" 2 (at 
SCE ae Ra) ee 


The sums in parenthesis will be zero if 
fe Ny 5 ha MY ay oy 
These are polynomials in x with coefficients in F since 


(15) ys f(x)y~s=f [O"-s (x)], 


by (11) of §47 with r=n—s. Hence we can determine 
ki, ... +, Rn—- SO that 2,2=2,, where 2, is of degree <r in y. 

If z, has an inverse w, so that wz,=1, then wz,z=1 and 
z has the inverse wz;. Let y'h(x) be the term of z, of highest 
degree in y. Then ¢<r and h has an inverse / in the field 
F(x) and hence in D. Thus z, will have an inverse if z,/= 
yi+ .... hasaninverse. The latter will have an inverse, 
by the argument just employed for z, if the next polynomial 
of degree <?# has an inverse. 

Tt follows in this manner that z has an inverse unless we 
reach a pair of consecutive polynomials whose product does 
not involve y. Give them the foregoing notations, z, 2. 
Then 2,2:=y+6, where 6 is independent of y, since by (15) 
the coefficients of k,, k2, . ... of 2 are independent of vy 
and since in forming the product 2,2 we obtain the term 
y"=r only once. For the moment, regard y as a variable 
in F. If 6 involves x, y+6 is not zero and hence has an 
inverse in F(x), so that z has an inverse in D. Hence let 6 
be a number of F. 

Employing the matric forms of the 2’s, we have 


(16) 22=(y+)l, 
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where J is the m-rowed unit matrix. By the remark below 
(13), the determinant |z| of z is a polynomial in y: : 


|oj|=(—1)"-'y' + 2... , Fa ll Coal 9 ita eater e 
Each is a factor of (y+6)" by (16). Hence 
eed Gre 9 elk Ga) ite 
When y=o, |z| becomes norm /, by (14). Hence 
(—1)"—"6’=norm fh, . 


If y+6 0, z has an inverse. If y+é6=0, the last result 
shows that y’ is the norm of (—1)’/,. This proves our 
theorem. 
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DETERMINATION* OF ALL DIVISION ALGEBRAS OF 
ORDER 9; MISCELLANEOUS GENERAL THEOREMS 
ON DIVISION ALGEBRAS 


THEOREM I. If an algebra A of order a has a modulus e 
and contains a division sub-algebra B of order B whose modulus 
is also e, there exists a linear set C of order y (of elements of A) 
such that A=BC, a= By. 

For, if a, is an element of A which is not in SB, the linear 
set B+ Ba, is of order 28, since otherwise there would exist 
elements 6, and 0.(6.%0) of B for which 0,+6,a,=0, whence 
b-1b,+¢a,=0, or @.= —b;'b,, whereas a, is not in B. Then 
if a=28, we have A =AB(1, a.) and the theorem is proved. 

But if a>28, A contains an element a, which is not in 
B+ Ba, The linear set B+Ba,+Ba; is of order 38, since 
otherwise B would contain elements 0,, 62, 6;#o for which 
b,+b.a.+63,a,;=0, whence 


a= —b>*(b,+b.a2) =b,+6.a., 


* Amplification of the article by Wedderburn, Transactions of the 
American Mathematical Society, XXII (1921), 129-35. 
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whereas a; is not in B+Ba,. Then if a=38, we have 
A=B(1, a2, a;) and the theorem is proved. If a>38, we 
repeat the argument. 

CorOLLARY 1. The order of a division algebra A is a 
multiple of the order of any sub-algbera. 

For, the sub-algebra is a division algebra with a modulus 
u. Ife be that of A, then 


wW=u,ue=u, Uu—e)=0, U—e=O. 


THEOREM 2. Given adivision algebra A over a non-modular 
field F, let the algebra B be composed of all those elements of A 
which are commutative with every element of A. Wecan find an 
extension F" of F such that the algebra A’ over F’, which has the 
same units as A, ts the direct product of a simple matric algebra 
and the commutative algebra B’ over F’, which has the same 
units as B, 

For, by $76, there exists a field F’ obtained from F 


by adjoining a finite number of irrationalities &, &,...., 


where 1, &, &, . . . . are linearly independent with respect 
to F, such that algebra A’ over F’ is a direct sum of simple 
matric algebras A:,...., Ay. Let e; be the modulus of 


Aj. It f=2fi, g=2gi, where f; and g; are in Aj, and f is 
commutative with g, then 


2igi=fe=sf=2gifi, figi=sifi. 


By § 52 the products of e; by numbers of F’ are the only 
elements of A; which are commutative with every element 
of A;. Hence all those elements of A’ which are commuta- 
tive with every element of A’ form an algebra B’ with the 
PASal UNIS ¢y, 3 «5 Ob 

Since each ¢;, and therefore also any element yo of B’, 
is a linear function of the basal units of A with coefficients 
in F’, we may write y= Zéx;, where the x; are elements, not 
all zero, of A, while &=1, and &, &,.... are the fore- 
going irrationalities. 
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If x is any element of A (and hence in A’), xy=yx by © 
the definition of B’. Hence 


O=xy— yx = DE; (x44; — 4X) . 


Since each xx;—2;x is a linear function of the units of A with 
coefficients in F, and since the & are linearly independent 
with respect to fF, we have xx;=x;x for every 7, and for 
every x in A. Hence the elements of the sub-algebra B 
(of A) generated by the x; are commutative with every 
element of A. If x is any element of A commutative with 
every element of A, then x is in B, since x, is evidently 
commutative with every element of A’ and hence is an element 
of B’ of the special form y=%x,+o08,+0f.+ ..... Thus 
B is the algebra defined in the theorem. 

Since every element of B’ is of the form y= Zé;x;, B’ has 
the same basal units as B, although the two algebras are 
over different fields F’ and F. 

The commutative division algebra B is a field. We may 
regard A as an algebra A, of order a/b over this field B. As 
above we extend the latter field to a field F; such that the 
algebra Aj over F,, with the same units as A,, is a simple 
matric algebra or a direct sum of simple matric algebras. 
The latter alternative is excluded since otherwise B would 
not contain all elements commutative with every element of 
A. Since A{ is a simple matric algebra, A’ over F’ is the 
direct product of B’ and a simple matric algebra. 

A division algebra A over F is called normal if the prod- 
ucts of its modulus by numbers of F are the only elements 
of A which are commutative with every element of A, i.e., 
if the B of Theorem 2 is of order r. 

COROLLARY 2. The order of any normal division algebra 
is @ Square. 

COROLLARY 3. Any division algebra A whose order is 
the square of a prime p 1s either normal or is equivalent to a 


field. 
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For, #?=bq?, where 0 is the order of its B. Hence b=1 


: or ~?. In the first case, A is normal. In the second case, 


A=B is a commutative division algebra and hence is a field. 
Polynomials over an algebra. Let A be any algebra 
having a modulus which will be designated by 1. Poly- 
nomials a taxv+....--+a,x* in an indeterminate x, 
having coefficients a, ...., a In A, may be defined 
as in § 111, with the modification that, when p is an element 
of A and a denotes the set (a, ar, .... , Qn), pd=(ptr, 
. » PO,) and ap=(ap,...., a,0) may now be dis- 
tinct since A need not be a commutative algebra. However, 
x=(0o, 1) is commutative with every element of A and hence 
with the foregoing polynomial in x over A. 

Two such polynomials are equal only when corresponding 
coefficients are equal. The sum and product of the two are 
found as in elementary algebra, provided care is taken in 
multiplication to preserve the order of factors belonging to 
A. Let 


A=W "+ ....+dy, B=dw*t+ .... +b, (0) 


be two polynomials in the indeterminate w over a division 
algebra D. If mm, we can determine unique polynomials 
Q and R in w over D such that d=QB+R, where R is 0 
or has a degree <m. In fact, we find 


Q= agb>* w™—*-+- (a, — dob 1b: )b-* ww L. 


0 


by the usual division process, taking care to multiply the 
divisor B on the left by the successive terms of QO. If R=o, 
A is said to have J as a right (right-hand) divisor and Q as a 
left divisor. 

As in § 113, there exist greatest common right and left 
divisors C; and C, of A and B, and polynomials L,, M,, 
L., M, over D such that 


LA+M,B=C, 3 AL,t+BM.,=C,. 
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Lemma. If A=BC, B and C are polynomials in w over a — 
division algebra D, and if w—x 1s a right divisor of A, but not — 
of C, where x is in D, so that C=Q(w—x)+R, where R¥o is © 
independent of w, then w—y is a right divisor of Bif y=RxR-* is 
the transform of x by R. 

For, by multiplying the expression for C by B on the left, — 


we get 
A=BQO(w—x)+BR. 


Hence w—« is a right divisor of BR=Q'(w—x). Thus — 
B=Q'R-"(w—y). | 

THEOREM 3. If D is a normal division algebra over F, 
and if $(w) =o is the equation of least degree p with coefficients — 
in F which is satisfied by the element x, of D, there exist further 
elements X2, ... . , x» Of D such that 


(1) (w)=(w—%)(w—ap_1) . . . « (w—%2)(W—m). 


Also $(w) is the product of the same linear factors permuted 
cyclically. 

Any element d of D is commutative with the coefficients 
(belonging to F) of ¢(w) and also with w. Since (x1) =o, 
¢@(w) has the right divisor C=w—x,. Transform each mem- 
ber of the identity ¢(w)=B(w—-x,) by d. We get 


$(w)=dBd-! + (w—dx,d~') , 


so that, if ¢is any transform of x,, then w—? is a right divisor 


of o(w). 
Let x’ be a transform of x, which is not equal to 4. 
Write ¢(w)=BC. Since 


C=w—x’+R, R=x'—%x,0, 


we may apply the lemma with x=.’ and conclude that B 
has the right divisor w—x,, where x,=Rx’R~'. Write 
B=B'(w—x,). Then 


d(w)=B’'C’, C’=(w—%2)(w—%X). 


* 


j of x, such that w—x” is not a right divisor of C’(w). The 
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Either we have (2) for m=2, or there exists a transform x” 


lemma shows that B’ has the right divisor w—,;, where x; is 
the transform of «”’ by C’(x’’) #0. Continuing, we finally get 


Mo WOM, Meo ue) 


(w—%2)(w—4) , 


where mp and, if y is any transform of 2;, then w—y is 
a right divisor of M. Write M=w"+ ....-+a,. Then 


(3) era eo 


for every transform y of «;. 

Suppose the a’s are not allin F. Since D is normal, there 
is an element z of D which is not commutative with at least one 
a. Write aj=zajz~?. Transforming (3) by z, we get 


(syz—*)™-+-al(zyz—*)™—I++- 2... fan, =o. 
Hence every transform y of x, satisfies not only (3) but also 
(4) y™-Lay™ t+ .... tam=0, 


in which at least one coefficient differs from the corresponding 
coefficient of (3). Subtracting (3) from (4), we get an equa- 
tion of degree <m which is not identically zero and is satisfied 
by every transform of 4;: : 


4+ Bae Se. Rg. 


If the #’s are not all in F, the degree can be reduced again 
by the preceding process. We finally obtain an equation 
with coefficients in F which is satisfied by every transform 
of x, and hence by x, itself. But of such equations, ¢(w) =o 
is the one of least degree 6. Hence m2=p. Thus m=p and 
¢(w)=M. This proves (1). 
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Finally, we can permute the linear factors of (1) cyclically 
if p>1. Write ¢=P(w—x,). The unique division process 
yields $6=Q(w—4,), where Q is a polynomial in w and x, 
with coefficients in F. Hence Q=P is commutative with 
w—x,, whence ¢=(w—x,)P, as desired. 


THEOREM 4. If A is an algebra over a non-modular field F 


and if y ts an element for which the rank equation of A has no 
multiple roots, then any element of A which is commutative 
with y ts a polynomial in y with coefficients in F. 

For, let x be the general element «= Zé;e; of an algebra A 
over a non-modular field /. Let the rank equation of A be 


f(x, E)=a,(&)a’+a,(€)x7—t+ 2... +a,(£)=o, 


where & denotes the set of co-ordinates &,...., &, of x. 
Let y=Znie; be a particular element of A such that f(y, 7) =o 
has no multiple roots. We seek the elements x which are 
commutative with y. 

Let X be a variable in F. Then f(y+dAx, n+Xé) =o. 
The coefficient of each power of X in its expansion must be 
zero. If we write 


ai(n-+ rE) =ai(n)+Aair(n, —)+Maia(n, E+... , 


and equate to zero the coefficient of \* in f, we get 


f'y, nx > air(n, E)y"-*=0 ’ 


where f’ denotes the derivative with respect to y and is not 
zero. Hence f’ has an inverse which is a polynomial in y 
(§.84). 

THEOREM 5. Every normal division algebra D of order 9 
over a non-modular field F is generated by elements x and y 
such that xy=y6(x), y=, where y and the coefficients of the 


ae a ee 
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polynomial 0(x) belong to F, while* x, 6(x) and 67(x) =6[6(x)] 
are the roots of a cubic equation trreducible in F. 

For, by Theorem 2 in which B is now of order 1, Dis a 
simple matric algebra over an extended field. Hence the 
rank equation of D is of degree 3 ($71). Thus the equation 
of lowest degree with coefficients in F satisfied by an element 
x, not in F is of the form{ 


(5) b(w) = w+a,w?+a,0+a;=0. 


i) If D contains an element x, not in F which is commuta- 
tive with a transform = y~ x,y of x, (tx,), Theorem 4 shows 
that ¢ is a polynomial @(x,) in x, with coefficients in F. By 
the foregoing, w—/ is a right divisor of ¢(w) and hence ¢ is 
a root of (5). Since the latter is irreducible, and has a root 
x, in common with ¢(t)=¢[@(x,)]=o, all of its roots satisfy 
the latter, by Theorem 7 of § 84, whence 6?(x,) is a root of (5) 
and 63(x;) is equal to the root x, By the two expressions 
for f, 


MY=VO(Xr), ry? =V?P(0,), Mr P= 9303 (x1) = 33a, 


whence y> is commutative with x, and by Theorem 4 is ex- 
pressible as a polynomial in 4;: 


3 mee! hart eaXy+v 3 


with A, w,vin F. If \ and ware not both zero, y3 is not in F 
and its adjunction extends F to the algebra (1, «;, x7) of order 
3 over Ff. But y3 extends F to a sub-algebra of (1, y, y?) and 
hence to the latter itself. Thus y is a polynomial in x, and 
hence is commutative with x,, whereas y transforms x; into 
tA~x, This contradiction proves that y3=v. Hence 
Theorem 5 is true for case (i). | 


* By (10), $47. The algebra is of the type treated in §§ 47, 48. 
t By Corollary 1, it is not of degree 2. 


' 
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ii) Let D contain an element x, which is not commutative 
with any of its transforms other than 4, itself. By Theorem — 
3 there exist transforms x, and x; of x, such that q 


(6) b(w)= (w—%3)(w—%2)(w—ay), 


in which the three factors may be permuted cyclically. We 
proceed as in the proof of Theorem 3 with now 


x! = (4%, —%3)%1(%:—%3)7', 


which is distinct from x,, since otherwise +,7,;=%3%,, contrary 
to the hypothesis on x; Hence 


t2=Rx’R-*=SxS-*,  S=(x'—2x,)(4:—%;), 
S=2'(%,—%;) — X,(%,;—4%3) = (4, —%3)X1—%1(41—%X3) ’ 


(7) Xa = (XX 3— XX) Hy (403— 2341)? 

Comparing (5) with (6), we have 

Nya t XX +44; = a3. 
Permuting x3, x2, x; cyclically, we get 
LX 4X3 X2X3= O12, 05-12% Not 1 0eSGs 
By subtraction, 
VS XX — Ly Kg = 4X3 — 43%, =X 3X g— XX; « 

Then (7) becomes 
(8) X2=yuyy*. 


Permuting %3, x2, x, cyclically, we see that the three 
preceding values of y are permuted cyclically. Hence (8) 
gives | 


(9) m=yxzyy"*, «43 =yxyTt=yny?, .=vxy3, 


whence y3 is commutative with x, and by Theorem 4 is 
expressible as a polynomial in x, As shown above, either y 


SE SS OS ee Se eS eee 
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itself is commutative with x,, in contradiction with (8), or 
y3 is an element of F. 

If any transform (other than y) of y is commutative with 
y, we have case (i). If no such transform is commutative 
with y, we take y as the x, employed at the beginning of 
case (ii). Thus our discussion of case (ii) holds with the 
simplification x}=y, where y isin F. Write 


(10) Z,=X1Y, Sa=Xy%Xr t=azyx, *«. 


Then 
Z1B2— 28y =X, VU VXz  — Xz? =H, (yxy —HXry7X1) x7". 


Since (6) is now identical with w—y, x2=y=x.%1,4;, whence 
O=%3— Hat, = Vay? — yay?» = Y(yxry— Arya) /P , 


by (8), (9), and y3=v. Hence 2:2.—2.2;=0, so that 2; is a 
polynomial 6(z.) with coefficients in F. By (10), 


Soh, = X48, = %,6(2,), aea= ry, 


Replacing z, by x, and x, by y, we obtain Theorem 5. 
Hence by Corollary 3 every division algebra of order 9 
is either a field or is of the type in Theorem 5. 
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STATEMENT OF FURTHER RESULTS AND 
UNSOLVED PROBLEMS 


1. If A;,...., As is a series of algebras such that 
each A, is a maximal invariant proper sub-algebra of its pred- 
ecessor A,_;, while A, is simple, the series is called a series 
of composition of A;. ‘The series of simple algebras A;—A,, 
A,—A;3,...., As1—As, As is called a series of differences 
of A,. 

Algebra (1) in § 20 has the series of composition A= 
(uz, U2, U3), (tr, U2), (Ux), aS well as that derived by any per- 
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mutation of 1, 2, 3. For each of these six series of composi- | 
tion of A, the series of difference algebras is composed of three ~ 
algebras of order 1, each generated by an idempotent element. 
Since all such algebras of order 1 are equivalent, this illus- 
trates the theorem* that two series of differences of the same 
algebra contain the same number of algebras, and the 
algebras of one series are equivalent to those of the other 
series when properly rearranged. If A is an algebra of 
index a and if the order 7 of A exceeds that of A* by r, each 
series of differences of A can be so arranged that the first 7 
terms are zero algebras of order 1. Hence, if a>1, A has an 
invariant sub-algebra of order n—1. 

2. An associative algebra A with a modulus e¢ over a 
field F is reduciblet with respect to F if and only if it con- 
tains an idempotent element #e which is commutative with 
every element of A. 

3. Iff an associative algebra A has no modulus, but 
contains an invariant sub-algebra having a modulus, then A 
can be expressed in one and only one way as a direct sum of 
an algebra B with a modulus and an algebra C which has no 
modulus and no invariant sub-algebra which has a modulus. 

4. The author§ has recently found all associative algebras 
with a modulus of order m and rank u or 2 over any non- 
modular field, and deduced all algebras of orders 2, 3, 4. 
If A is of order and rank , it contains an element x such that 
I, x, x7,...., #7 are dependent, while x is a root of 
an equation f(w)=o of degree m with coefficients in F. 


* Wedderburn, Proceedings of the London Mathematical Society, 
Series 2, Vol. VI (1907), pp. 83-84, 89. 

+ Scheffers, Mathematische Annalen, XXXIX (1891), 319; Linear 
Algebras, pp. 26-27. | 


t Communicated by Wedderburn. B is an invariant sub-algebra 
which has a modulus and is contained in no other invariant sub-algebra 
having a modulus. Then A=BSC by § 22. 


§ Proceedings of the London Mathematical Society, 1923. 
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a Then A is irreducible with respect to F if and only if f(w) 
is irreducible or is a power of a polynomial irreducible in FP. 

5. Consider* algebra C in which multiplication is defined 
by 


(q+Qe)(r+Re)=t+Te, t=qr—R’Q, T=Rq+0Or', 


where g, Q, r, R are any real quaternions, and r’, R’ are the 
conjugates of r, R. Taking r=q’, R= —O, we get 


N(q+Qe)= (q+ Qe) (q’ —Qe) =qq'+Q0’ . 


The norm of a product is the product of the norms of the 
factors. Each of the two kinds of division except by zero is 
always possible and unique, so that C is a division algebra; 
it is not associative. The author? has discussed the 
arithmetic of C at length. 

6. Iff a division algebra A over F contains a normal sub- 
algebra B, A can be expressed as the direct product of B 
and another algebra C over Ff. Further results on division 
algebras have been obtained by the author§ and O. C. 
Hazlett.|| Every associative division algebra over a finite 
field is a field. 


* Dickson, Transactions of the American Mathematical Society, 
XIII (1912), 72; Annals of Mathematics, XX (1919), 155-71, 297; Linear 
Algebras, p.15. An equivalent real algebra of order 8 had been given by 
| Cayley. 


t Journal de Mathématiques, Sér. 9, Tome II (1923). 


XXII (1921), 132. The proof is by the corollary to Theorem 2 in Linear 


| 

! 

| { Wedderburn, Transactions of the American Mathematical Society, — 
| Algebras, pp. 28, 29. 


§ Transactions of the American Mathematical Society, VII (1906), 
370, 514; XIII (1912), 59; XV (1914), 39; Bulletin of the American 
Mathematical Society, XIV (1907-8), 160; Géttinger Nachrichten (1995), 
pp. 358-93; Linear Algebras, pp. 69, 71. 

: || Transactions of the American Mathematical Society, XVIII (1917), 
et 7-76. 

{| Wedderburn, of. cit., VI (1905), 349; Dickson, Géttinger Nach- 
— -richten (1905), p. 381. 
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Ne ee flee 


7. Invariantive characterizations of algebras and certain © 
vector covariants of them have been given by Hazlett* and — 
MacDuffeet. The authort deduced the algebra of quater-— 
nions from relations between algebras and continuous groups. — 

8. There are papers§ dealing with the relations between — 
linear algebras and finite groups, and others dealing with 
analytic functions of hypercomplex numbers. 

g. Among the unsolved problems are the determination 
of all division algebras, the classification of nilpotent alge- 
bras, the discovery of relations between an algebra and its 
maximal nilpotent invariant sub-algebra (cf. §$§ 101-3 for 
the case of complex algebras), theory of non-associative alge- 
bras, theory of ideals in the arithmetic of a division algebra, 
and the extension to algebras of the whole theory of algebraic 
numbers. 


* Annals of Mathematics, XVI (1914), 1-6; XVIII (1916), 81-98; 
Transactions of the American Mathematical Society, XTX (1918), 408-20. 

+ Transactions of the American Mathematical Society, XXIII (1922), 
135-50. 

t Bulletin of the American Mathematical Society, XXII (1915), 
53-61; Proceedings of the National Academy of Sciences, VII (1921), 
109-14. 

§ Linear Algebras, pp. 63, 73; or Encyclopédie des Sciences Mathé- 
matiques, Tome I, Vol. I (1908), pp. 436, 441. 
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Algebra defined, 9, 22; comple- 
mentary to, 40. See Complex, 
Difference, Division, Equiva- 
lent, Invariant, Irreducible. 
Matrices, Maximal, Principal, 


Quaternions, Reciprocal, Re- 
ducible, Semi-simple, Simple 
Algebraic numbers, 1, 128-40, 

142-43 
Annihilated, 49 
Arithmetic of algebra, 141-99, 


237-38 
Associated arithmetics, 144, 180- 
87 
Associated elements, 144 
Associative algebra, 10, 92, 98 


Basal units, 14, 17; normalized, 
175-85 
Basis, 10, 25, 130, 138, 161-64 


Cayley’s algebra, 237 

Central, 31 

Character of units, 177, 180 

Characteristic determinant of ele- 
ment, to1—3, 178-84; of matrix, 
99, 103 

Characteristic equation of element, 
IOI, 104-5, III, 115; of matrix, 
99, 103, TIO 

Characteristic matrices, ror 

Class, 38, 90; of polynomials, 216; 
of residues, 202, 220 

Complex algebra, 16, 
176-85 

Components, 33 

Congruences, 218 

Congruent, 38, 216 

Conjugate, 20, 188 

Constants of multiplication, 17 


‘320-27, 
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Co-ordinates, 17 
Covariants, 238 
Cyclic equation, 66 


Decomposition relative to an 


idempotent, 48 

Degree of an algebraic field, 134 

Determinant, first and second, 95; 
irreducible, 115. See Char- 
acteristic, Symbols 

Dickson algebras, 66 

Difference algebra, 36-41, 52, 80, 
85-91 

Diophantine equations, 
203 

Direct product, 72, 78, 79, 84-91, 
118 

Direct sum, 33, 35, 40, 53, 116, 
¥20, 457, 230 

Division algebras, 59-71, 78-80, 
420-23, 426, 165~74; 192, 22I- 
38; normal, 228 

Divisor of zero, 60 


194-99; 


Element, 9 
Elementary transformations, 171 


Equation. See Characteristic, 
Cyclic, Diophantine, Minimum, 
Rank 

Equivalent algebras, 20, 96, 98 


Extension of field, 2, 118, 215-18 


Factorization unique, 155, 1590, 
174, 211, 215, 219 

Fields, 1, 200-220; as algebras, 
16. See Extension, Finite, 
Modulus 


Finite fields, 202, 220, 237 


Galois field, 218-20 
Gauss’s lemma, 133 


239 


240 


Greatest common divisor of poly- 
nomials, 208-9, 213-14, 229; of 
generalized quaternions, 198; of 
quaternions, 149 


Group, 94, 98, 238 


Idempotent, 44, 48-51, 54-61, 80, 
Sr, Gs, 123... See: Primitive, 
Principal 


Identity transformation, 4 
Incongruent, 38 

Indeterminates, 203-5 

Index, 43 

Integral algebraic number, 130-40 
Integral element, 141 

Integral quaternion, 148, 150 
Intersection, 26 

Invariant sub-algebra, 31, 41-42 


Invariant under transformation, 


JO2, X17, 238 
Inverse in field, 

ternion, 20 
Irreducible algebra, 35, 237 


Irreducible polynomial, 132, 135, 
206 


202; of qua- 


Linear sets: basis of, 25; inter- 
section of, 26; order of, 25; 
product of, 29; sum of, 26; 
supplementary, 28 


Linear transformations:  corre- 
sponding to elements of an 
algebra, 93; defined, 2; de- 
generate, 6; determinant of, 2; 
inverse of, 4; not commutative, 
4; orthogonal, 199; product of, 
3; product associative, 4 


Linearly dependent, 13, 15; inde- 
pendent, 13 


Matrices: adjoint, 7, 9; algebra 
of, 16, 18, 22, 92; determinant 
of, 6; diagonal, 173; division 
by, 7; equal, 6; equivalent, 
169-74; first and second, 95, 
98, 99; first element of, 171; 
identity, 7; inverse of, 7; prime, 
174; product of, 5; product 


INDEX 


wt iaeg oi 6; 
scalar, 8 
with 
algebra, 
elements, 168, 174. See Char- 
acteristic, Minimum, Simple 


Maximal invariant sub-algebra. 
32, 42, SI 


Maximal nilpotent invariant sub- © 
algebra, 44, 52, 108, 118, 121-27, 
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Minimum equation of element, 
111; of matrix, 109-10 
Modulo, 38, 202, 216 


Modulus, 15, 33, 38, 97; of field, 
106 


Nilpotent, 43, 105, 175-76, 
See Maximal, Properly 

Norm, 20, 67, 68, 70, 169, 188, 224 

Normal, 228 

n-tuple, 22 
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Order of algebra, 14 


Polynomials in an element, 61, 
229; in indeterminates, 203-15. 
See Class, Greatest, Irreducible, 
Primitive, Reducible, Relatively 
prime, Vanishing 


Postulates for algebras, 9, 23; for 
arithmetics, 141; for fields, 200 


Prime element, 159; matrix, 174; 
quaternion, 152 

Primitive idempotent, 55-58, 81 

Primitive polynomial, 212 

Principal idempotent, 49-51, 57- 
58, 81 

Principal theorem on algebras, 
118-27 

Principal unit, 15 

Product of linear sets, 29. 
Direct, Scalar 

Proper sub-algebra, 31 


Properly nilpotent, 46, 59, 60, 
89, 90, 105-8, 187 


See 


rank, 108, 173; 

: sum of, 7; unit, 7: 
elements in a division Ff 
165-74; with integral — 


ine et ot AE PO ee OT gee 


INDEX 


- Quadratic integer, 129 


Quadratic number, 128 


Quaternions, 19, 64, 67, 194-99, 
237-38; arithmetic of, 147-56; 
generalized, 187-94, 198 


Rank of algebra, 114, 236; of 
matrix, 108, 173 


Rank equation, 111-17 


- Reciprocal algebras, 21, 96, 98, 99 


Reciprocal groups, 98 
Reducible algebras, 33-35, 53, 236 


Reducible polynomials, 132, 135, 
200 


Relatively prime polynomials, 210; 


_ quaternions, 151 


Scalar multiplication, 9 

Scalar product, 8, 9 

Semi-simple, 51-54, 60, 108, 118, 
161-64, 187 

Series of composition, 235 

Series of differences, 235 

Simple algebras, 42, 53, 54, 73-80, 
127, 105-74 

Simple matric algebras, 76, 78-80, 

»$a-o1, 115, 118-20, 127, 223, 

227 

Sub-algebra, 31 

Sub-field, 2 


241 


Subtraction, 12, 202 
Sum of four squares, 154, 198 


Sum of sets or algebras, 26. See 
Direct 

Supplementary, 28 

Symbols: |a; | for the determinant 
whose general element is a;,; 
+, A, 26; S, 2, 26; ®, 33; 
X, 725 (Gx,-4--5 Fo), 253 A—B, 
37; [x], 38; *=y (mod B), 38, 
216; N(q), 20, 169, 188; A(x), 
93; A(x), R,, Sz, 953 4(*), 
5’(x), 101 


Table of multiplication, 17 
Trace, 105-8 


Transformation of units, 15, ror, 
117. See Linear 


Units, 143-44, 153, 159, 170, 174, 
179, 185, 194. See Basal, 
Transformation 


Unity of field, 201 
Unsolved problems, 238 


Vanishing of polynomial, 206-8 


Zero algebra, 43 
Zero element, 11, 201 
Zero set, 25 
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